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Abstract. Safe exploration aims at addressing the limitations of Rein-
forcement Learning (RL) in safety-critical scenarios, where failures dur-
ing trial-and-error learning may incur high costs. Several methods exist
to incorporate external knowledge or to use proximal sensor data to limit
the exploration of unsafe states. However, reducing exploration risks in
unknown environments, where an agent must discover safety threats dur-
ing exploration, remains challenging.

In this paper, we target the problem of safe exploration by guiding the
training with counterexamples of the safety requirement. Our method
abstracts both continuous and discrete state-space systems into com-
pact abstract models representing the safety-relevant knowledge acquired
by the agent during exploration. We then exploit probabilistic counter-
example generation to construct minimal simulation submodels eliciting
safety requirement violations, where the agent can efficiently train offline
to refine its policy towards minimising the risk of safety violations during
the subsequent online exploration.

We demonstrate our method’s effectiveness in reducing safety violations
during online exploration in preliminary experiments by an average of
40.3% compared with QL and DQN standard algorithms and 29.1% com-
pared with previous related work, while achieving comparable cumula-
tive rewards with respect to unrestricted exploration and alternative ap-
proaches.

Keywords: Safe reinforcement learning · Probabilistic model checking
· Counterexample guidance.

1 Introduction

A critical limitation of applying Reinforcement Learning (RL) in real-world con-
trol systems is its lack of guarantees of avoiding unsafe behaviours. At its core,
RL is a trial-and-error process, where the learning agent explores the decision
space and receives rewards for the outcome of its decisions. However, in safety-
critical scenarios, failing trials may result in high costs or unsafe situations and
should be avoided as much as possible.
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Several learning methods try to incorporate the advantages of model-driven
and data-driven methods to encourage safety during learning [27,16]. One natu-
ral approach for encouraging safer learning is to analyse the kinematic model of
the learning system with specific safety requirements and to design safe explo-
ration [15,2,38] or safe optimisation [1,45,43] strategies that avoid unsafe states
or minimise the expected occurrence of unsafe events during training. However,
this approach is not applicable for most control systems with partially-known or
unknown dynamics, where not enough information is available to characterise
unsafe states or events a priori.

To increase the safety of learning in environments with (entirely or partially)
unknown dynamics, we propose an online-offline learning scheme where online
execution traces collected during exploration are used to construct an abstract
representation of the visited state-action space. If during exploration the agent
violates a safety requirement with unacceptable frequency, a probabilistic model
checker is used to produce from the abstract representation minimal counter-
example sub-models, i.e., a minimal subset of the abstract state-action space
within which the agent is expected to violate its safety requirement with a prob-
ability larger than tolerable. These counterexamples are then used to synthesise
small-size offline simulation environments within which the agent’s policy can be
conveniently reinforced to reduce the probability of reiterating safety-violating
behaviours during subsequent online exploration. As new evidence from online
exploration is gathered the abstract representation is incrementally updated and
additional offline phases can be enforced when necessary, until an acceptable
safety exploration rate is achieved. Overall, our strategy aims at migrating most
trial-and-error risks to the offline training phases, while discouraging the re-
peated exploration of risky behaviours during online learning. As new evidence
is collected during online exploration, the abstract representation is incremen-
tally updated and the current value the agent expects from each action is used
to prioritise the synthesis of more relevant counterexample-guided simulations.

Our main conceptual contribution in this paper is the use of probabilistic
counterexamples to automatically synthesise small-scale simulation submodels
where the agent can refine its policy to reduce the risk of violating a safety re-
quirement during learning. In particular, we 1) propose a conservative geometric
abstraction model representing safety-relevant experience collected by the agent
at any time during online exploration, with theoretical convergence and accuracy
guarantees, suitable for the representation of both discrete and continuous state
spaces and finite action spaces, 2) adapt minimal label set probabilistic counter-
example generation [49] to generate small-scale submodels for the synthesis of
offline agent training environments aimed at reducing the likelihood of violating
safety requirements during online exploration, and 3) a preliminary evaluation of
our method to enhance Q-Learning [48] and DQN [35] agents on problems from
literature and the OpenAI Gym, demonstrating how it achieves comparable cu-
mulative rewards while increasing the exploration safety rate by an average of
40.3% compared with QL/DQN, and of 29.1% compared with previous related
work [20,23].
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2 Background

2.1 Problem Framework

Definition 1. Markov Decision Process (MDP). An MDP [4] is a tuple
(S,A, s0, P,R, L), where S is a set of states, A is a finite set of actions, s0 is
the initial state, P : S × A × S → [0, 1] is the probability of transitioning from
a state s ∈ S to s′ ∈ S with action a ∈ A, R : S × A → R is a reward function
and L : S → 2AP is a labelling function that assigns atomic propositions (AP)
to each state.

A state in S is typically represented by a vector of finite length nS ≥ 1. A state
space is discrete if the elements of the vector are countable, where we assume
S ⊆ ZnS ), continuous if S ⊆ RnS , or hybrid if some elements are discrete and
others are continuous. When possible, we omit the cardinality nS for readability.

Definition 2. Trace. A finite trace (also called path or trajectory) through an
MDP is a sequence σ = s0, a0, s1, a1, . . . si, ai, . . . sn, where s0 is the initial state
and P (si, ai, si+1) > 0.

Definition 3. Policy. A (deterministic) policy π : S → A selects in every state
s the action a to be taken by the agent.

Q-learning (QL) [48] is a reinforcement learning algorithm where an agent
aims at finding an optimal policy π∗ for an MDP that maximises the expected
cumulative reward. Given a learning rate α ∈ (0, 1] and a discount factor γ ∈
(0, 1], such that rewards received after n transitions are discounted by the factor
γn, the agent learns a value function Q based on the following update rule:

Qt(s, a) = (1− α)Qt−1(s, a) + α(R(s, a) + γmax
a′∈A

Qt−1(s
′, a′)) (1)

The optimal Q-function Q∗ satisfies the Bellman optimality equation:

Q∗(s, a) = E[R(s, a) + γmax
a′∈A

Q∗(s′, a′)|s, a] (2)

For finite-state and finite-action spaces, QL converges to an optimal policy as
long as every state action pair is visited infinitely often [48], but it is not suitable
for learning in continuous state spaces. For continuous state spaces instead, the
Deep Q-Learning method [35] parameterises Q-values with weights θ as a Q-
network and the learning process is adapted to minimising a sequence of loss
function Li at each iteration i (cf. Algorithm 1 in [35]):

Li(θi) = E[(yi −Q(s, a; θi))
2], (3)

where yi = E[(R(s, a) + γmaxa′∈A Q(s′, a′; θi−1)|s, a].
During learning, the agent selects the next action among those available in

the current state at random with probability ϵQL > 0 while with probability
1− ϵQL it will select an action a yielding Q∗(s, a).

Definition 4. Optimal Policy. An optimal policy π∗, in the context of Q
learning and DQN, is given by π∗ = argmaxa∈A Q∗(s, a),∀s ∈ S.
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2.2 Probabilistic Model Checking and Counterexamples

Probabilistic model checking is an automated verification method that, given a
stochastic model – an MDP in our case – and a property expressed in a suitable
probabilistic temporal logic, can verify whether the model complies with the
property or not [3]. In this work, we use Probabilistic Computational Temporal
Logic (PCTL) [19] to specify probabilistic requirements for the safety of the
agent. The syntax of PCTL is recursively defined as:

Φ := true | α | Φ ∧ Φ | ¬Φ | P▷◁pφ (4)

φ := XΦ | ΦUΦ (5)

A PCTL property is defined by a state formula Φ, whose satisfaction can be
determined in each state of the model. true is a tautology satisfied in every
state, α ∈ AP is satisfied in any state whose labels include (α ∈ L(s)), and ∧
and ¬ are the Boolean conjunction and negation operators. The modal operator
P▷◁pφ, with ▷◁∈ {<,≤,≥, >} and p ∈ [0, 1], holds in a state s if the cumulative
probability of all the paths originating in s and satisfying the path formula φ is
▷◁ p under any possible policy. The Next operator XΦ is satisfied by any path
originating in s such that the next state satisfies Φ. The Until operator Φ1UΦ2

is satisfied by any path originating in s such that a state s′ satisfying Φ2 is
eventually encountered along the path, and all the states between s and s′ (if
any) satisfy Φ1. The formula true U Φ is commonly abbreviated as FΦ and
satisfied by any path that eventually reaches a state satisfying Φ. A model M
satisfies a PCTL property Φ if Φ holds in the initial state s0 of M [3].

PCTL allows specifying a variety of safety requirements. For simplicity, in
this work, we focus on safety requirements specified as upper-bounds on the
probability of eventually reaching a state labelled as unsafe:

Definition 5. Safety Requirement. Given a threshold λ ∈ (0, 1], the safety
requirement for a learning agent is formalised by the PCTL property P≤λ [F
unsafe], i.e., the maximum probability of reaching a s ∈ S such that unsafe ∈
L(s) must be less than or equal to λ.

Definition 6. Counterexamples in Probabilistic Model Checking. A
counterexample is a minimal possible sub-model Mcex = (Scex, Acex, s0, Pcex)
derived from the model M , where Scex, Acex are of subsets S and A, containing
violating behaviours of a PCTL property from the initial state s0 in M .

When a model M does not satisfy a PCTL property, a counterexample can
be computed as evidence of the violation [18]. In this work, we adapt the minimal
critical label set counterexample generation method of [49].
The computation of a minimal possible sub-model requires the solution of a
mixed-integer linear optimisation problem that selects the smallest number of
transitions from the state-action space original model that allows the construc-
tion of violations. An extensive description of the counterexample generation
algorithm, including a heuristic to bias the counterexample generation towards
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including actions that a tabular Q-learning agent is more likely to select is in-
cluded in [26].
Generating multiple Counterexamples. For an MDP violating the safety
requirement, there can exist, in general, multiple counterexamples (both with
minimal or non-minimal sizes), each potentially highlighting different policies
that lead to requirement violations [10].

In this work, we use counterexamples to guide the generation of offline train-
ing environments where the agent learns to reduce the value of actions that
may eventually lead to the violation of safety requirements. We therefore aim at
generating multiple, diverse counterexamples (if they exist), while keeping each
of them at a small size for faster training. Given a counterexample, a different
one can be obtained by adding a blocking clause to the minimisation problem,
i.e., forcing the optimiser to exclude one or more previously selected action pairs
(by imposing the corresponding selector variables xℓ = 0 in the optimisation
problem given in [26]). Hence, we can systematically add (an increasing num-
ber of) blocking clauses to obtain multiple diverse counterexamples that jointly
provide a more comprehensive representation of the different violating behaviors
the agent explored at any time.

3 Counterexample-guided Reinforcement Learning

We assume that the agent does not have prior knowledge about the environment.
In particular, it will only discover unsafe states upon visiting them during explo-
ration. During the learning process the agent will iteratively interact with either
the actual environment (online exploration) or with a counterexample-guided of-
fline simulation. The online phases aim at exploring the actual environment and
improving the agent’s policy expected reward, while acquiring information to
build and continuously refine an abstract, compact representation of the control
problem. The offline phases expose the agent to simulated, small-size, environ-
ments, within which the agent can revise its policy to penalise decisions that may
lead to safety violations during the subsequent online phases. In the remaining
of the section, we first show how to construct and update an abstract finite MDP
that compactly represents safety-relevant aspects of the (parts of) environment
explored by the agent at any time (sec. 3.1). Then, in sec. 3.2, we introduce the
main learning algorithm with the online-offline alternation scheme, and discuss
the main challenges of the offline learning phases.

3.1 Safety-relevant State-space Abstraction

For simplicity, let us assume the agent has no information about the topology
of the state space S at the beginning of the exploration. Each online interaction
with the environment (episode) can be described by the trace of the states vis-
ited by the agent and the actions it took. Besides the reward associated with
each state-action pair, we assume states in the trace can be assigned a set of
labels. Labels represent properties of the state related specific to the learning
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problem, e.g., a goal has been reached. We assume a special label unsafe labels
the occurrence of unsafe situations the agent should aim to avoid. W.l.o.g., we
assume an episode terminates when the agent enters an unsafe state. We will
refer to the states of the online environment as concrete states.

In this section, we propose an abstraction procedure to construct a finite,
abstract MDP that retains sufficient information about the explored concrete
environment to enable the synthesis of abstract counterexamples to the safety
requirement. Each counterexample will therefore be an abstract representative
of a set of possible safety violating behaviors that can happen in the concrete
environment. To maintain the size of the abstract MDP tractable – especially
in the presence of continuous concrete state spaces – the abstraction will retain
only (approximate) safety-relevant information.

We assume that any state not labeled as unsafe is safe to explore and that
the unsafe label is time-invariant. Furthermore, the abstraction must preserve
at any time a safety invariant: every explored unsafe concrete state should be
mapped to an unsafe abstract state. The finite abstract state space must therefore
separate safe and unsafe regions of the concrete space, with only safe concrete
states possibly misclassified as unsafe but not vice versa.

Inspired by the idea of casting the learning of geometric concepts as a set
cover problem in [8,40], we frame the separation task as a minimal red-blue set
cover problem to abstract the explored concrete state space as a finite set of
disjoint boxes or polyhedra, each expressed as a set of logical constraints and
defined as the intersection of a finite set of hyperplanes.
To formalise the construction of the abstract state-space, we first introduce the
notion of coverage of a concrete state by a polyhedra predicate.

Definition 7. Coverage of a polyhedra predicate Let S̄ ⊆ S = {s0, s1, . . . ,
sn} be the set of all explored concrete states, a particular state s ∈ S̄ is covered
by a (polyhedra) predicate Ci if s ∈ Ci, where Ci = {s | ωs+b ≤ 0}, in which ω
represents the vector of slopes and b represents the vector of biases corresponding
to half-spaces enclosing the predicate.

Remark 1. The general affine form of the predicate Ci accounts for a variety of
common numerical abstract domains, including, e.g., boxes (intervals), octagons,
zonotopes, or polyhedra. In this work, we fix ω = 1, i.e., restrict to hyper-boxes.
We allow the user to specify a minimum size d > 0, which ensures that no
dimension of the box will be reduced to a length smaller than d. This coarsening
of the abstract domain struck a convenient trade-off between computational cost
and accuracy of the abstraction in our preliminary experiments (see Appendix
in [26] for additional discussion); the restriction can be lifted for applications
requiring different trade-offs [42].

The identification of a finite set of predicates that allow separating the concrete
state space preserving the safety invariant can thus be reduced to the following:
Minimal Red-Blue Set Cover Problem. Let S̄ ⊆ S = {s0, s1, . . . , sn} be
the set of all explored concrete states and U = {u0,u1, . . . ,um} be the set of
explored states assigned the unsafe label, find the minimal set C = {∪i=1Ci}
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s.t. every element u ∈ U is covered by some predicate Ci, with an overall false
positive rate fpr ≤ f ∈ (0, 1] for safe concrete states (s ∈ S̄ \ U) covered by C.

Remark 2. In general, f cannot be zero, since the concrete state space, whether
discrete or continuous, may not be perfectly partitioned by a finite set of poly-
hedra predicates, with smaller values of f possibly resulting in a larger number
of predicates |C|.

To solve this optimisation problem, we employ a branch and bound method [30]
to systematically enumerate possible combinations of predicates. The solution set
guarantees all the unsafe concrete states are covered by a Boolean combination of
predicates in C, while safe concrete states may also be covered by some predicate
Ci, with a prescribed maximum tolerable rate f .

Definition 8. Safety-relevant Abstraction MDP. A safety-relevant abstrac-
tion MDP Ma is a tuple (Sa, Aa, sa0, Ra, Pa, La), where Sa is the abstract state
space, which is the partition of the concrete state space S induced by the bound-
aries of Ci ∈ C from the solution of the minimal set cover above, Aa is the set of
applicable actions, sa0 is the initial abstract state, Pa : Sa × Aa × Sa → [0, 1] is
a probability transition function, Ra is the abstract reward function (which will
be defined later), and La : S → {safe, unsafe} is a labelling function.

Ma is constructed from the concrete traces collected during online learning, with
the satisfaction of the predicates Ci determining the abstraction of concrete
states and the abstract transition function is estimated accordingly from the
frequencies observed in the concrete traces. The abstraction must preserve the
safety invariant, therefore it may overapproximate explored unsafe regions, but
not underapproximate them. Initially, the entire state space is assumed safe
to explore. As new traces are collected during online exploration, the abstract
model is incrementally updated: when a concrete state is found to be unsafe,
the hyperbox containing its numerical vector representation is split to correct
the classification (after the concrete state is wrapped around with a hyperbox
of minimal size d, if d > 0).

The incremental branch-and-bound refinement of the abstraction could lead
to excessive fragmentation of the abstract state space, making it intractably
large, particularly for the purpose of counterexample generation. To mitigate
this issue, we merge adjacent states, i.e., abstract states sharing at least one
separating hyperplane, into a single abstract state, adapting the general notion
of probabilistic approximate ϵ−simulation [12] as in the following definition:

Definition 9. Adjacent ϵ-simulation: Let Sl be the partitions of Sa induced
by the equivalence relation s ∼ s′ iff La(s) = La(s

′). Then, for a given ϵ ∈ [0, 1],
two adjacent states s ∈ Sa and s′ ∈ Sa are ϵ-similar if (∃sl ∈ Sl)(s ∈ sl, s

′ ∈ sl)
and (∀sl ∈ Sl)(|Pa(s, a, sl)− Pa(s

′, a, sl)| ≤ ϵ,∀a ∈ Aa).

The ϵ-simulation in def. 9 induces a hierarchical merging scheme. Let level l0
contain the initial abstract states, which partition the explored concrete state
space into a finite set of boxes – one per abstract state – which are labeled as
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either safe or unsafe. ϵ-similar adjacent states from level li are merged into a
single state at level li+1, until no further merge is possible. Besides reducing the
number of abstract states, and in turn the cost of generating counterexamples,
this hierarchical merging scheme brings the indirect benefit of more aggressively
merging abstract states corresponding to safe regions of the concrete state space,
while preserving a finer-grained approximation of concrete state space regions in
proximity of explored unsafe states, as discussed in [26].
Counterexample-guided Simulation. If a probabilistic safety requirement
can be violated, one or more counterexamples Mcex can be generated from the
abstract modelMa, where each counterexample includes a (near-)minimal subset
of the abstract state-action space. We then use each counterexample as a guide to
build an offline, simulation environment where the agent can update its Q-values
towards avoiding eventually reaching an unsafe state.

Starting from the initial concrete state s0, the abstract state scex in Mcex

corresponding to the current concrete state is computed. By construction, each
counterexample selects one action a from state scex. The abstract transition is
randomly simulated according to the transition function Pcex from (scex, a) and
an abstract destination state s′cex is identified. Such abstract state is concretised
by sampling from the past concrete traces a transition (s, a, s′) where s ∈ scex
and s′ ∈ s′cex. If s

′
cex is an unsafe state, a penalty (negative reward; the impact

of its magnitude is further discussed in [26]) is given to the agent, which has
the transitive effect of re-weighting also the Q-value of the actions that led
the agent to the current state. The simulation traces can be used by both Q-
learning and DQN agents. The simulation terminates when an unsafe state is
reached (penalty) or when we fail to concretise an abstract transition, which may
happen when concrete safe states are misclassified as unsafe in the abstraction,
but there is no actual transition to unsafe states from them. In the latter case,
the simulation trace is discarded (no reward). While every simulation within the
counterexample is designed to eventually reach an unsafe state with probability 1
by construction [49], to avoid excessive length of a simulation, it can be practical
to set an arbitrary, large bound on the maximum number of steps per run as
additional termination criterion.

Multiple counterexamples, and corresponding simulations, can be generated
up to a maximum simulation budget allowed by the user, adding blocking clauses
in random order as described previously. Each counterexample is typically of
small-size, which results in short simulation traces, thus reducing the overall
cost of each offline learning experience.

3.2 Online-Offline Learning with Counterexample Guidance

Algorithm 1 summarises the main steps of our online-offline learning method
with counterexample guidance. We initially assume no knowledge about the
environment is given to the agent: both the abstract model Ma and the set of
explored paths D are empty (line 3). If prior knowledge was available, either in
the form of an initial abstraction or of previously explored paths, Ma and D can
be initialised accordingly.
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Online learning. The onlineQLearning procedure (line 7) lets the agent oper-
ate in the concrete environment with either tabular Q-Learning in discrete state
space or DQN in continuous state space. We augment the exploration with a
sequential Bayesian hypothesis testing (line 6) that monitors the frequency of
violations of the safety requirement, by incrementally updating after each online
episode a Beta distribution that estimates the probability of violation [13]. If
the odds of such probability exceeding λ is larger than a prescribed Bayes factor
β, the online learning phase is interrupted. The updated Q-values/Q-network of
the agent are stored and the set of explored traces D is updated (line 8).
Offline learning. If the online learning phases has been interrupted because by
the Bayesian test (line 9), an offline learning phase is triggered to reinforce the
avoidance of discovered unsafe behaviors in future online exploration.

First, the abstraction Ma is updated with the current set of online traces
D (line 10) to support the generation of current counterexamples. While there
are theoretically a finite number of counterexample submodels [49], for large Ma

it could be computationally too expensive; instead, up to a maximum number
Ncex of counterexamples is generated at each iteration. The addition of ran-
dom blocking clauses (as described in sec. 2.2) will increase the diversity of the
counterexamples within and across different offline learning phases.

The offline simulation traces synthesised from each Mcex (line 13) as de-
scribed in the previous section are used by the agent to update its Q-values/Q-
network (line 14), thus penalising the selection of eventually unsafe actions before
the next online learning phase begins. Notice that the Bayesian hypothesis test
is re-initialised before the next online learning phase (line 6) since the agent is
expected to behave differently after an offline learning phase.
Discussion. The interleaving of offline and online learning phases aims at re-
ducing the frequency of unsafe events during the exploration of the environment.
This goal is pursued by synthesising simulation environments from counterexam-
ples to the safety requirement computed from an abstraction of the state space
explored online. Notably, the offline phases never preclude the exploration of an
action during the following online phases, rather they reduce the likelihood of
selecting actions that may eventually lead to reaching unsafe states by lowering
their Q-values. Due to space limitations, we report here the two main results
related to the convergence of our abstraction method and of the online-offline
learning process, and defer a more extensive discussion to [26].

Counterexample guidance relies on the abstraction constructed from online
exploration phases, which classifies every region of the explored state space as
either safe or unsafe. While by construction the abstraction preserves the safety
invariant (every explored concrete unsafe state is mapped to an abstract unsafe
state), the quality of the offline guidance relies also on controlling the misclassifi-
cation error of safe concrete regions, which may unduly penalise the exploration
of safe states.

Proposition 1. The maximum misclassification error of a concrete safe state
into an abstract unsafe state can eventually be reduced below an arbitrary bound
0 < ū ≤ 1 with probability at least 1− δ (0 < δ < 1) throughout the exploration.
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Further empirical analysis of the convergence of the abstraction and the impact
of the abstraction parameters is provided in [26].

Finally, the following proposition states that the introduction of counter-
example guidance does not preclude the convergence of the overall learning pro-
cess to a maximal reward policy that satisfies the safety requirement, if such
policy exists.

Proposition 2. If there exist maximal-reward policies that satisfy the safety
requirement, then the online-offline learning process eventually converges to one
of them.

Further discussion of the convergence properties of the offline-online learning
process are included in [26], including elaborating on the validity of the two
propositions above. In the next section, we instead report on our preliminary ex-
perimental evaluation of the performance of our counterexample-guided learning
process.

Algorithm 1: CEX-Guided Reinforcement Learning

1 Input: Safety requirement bound λ > 0, max number of CEX Ncex, num
simulations per CEX NScex, Bayes factor β, penalty for offline learning
traces penalty

2 Output: Synthesised Policy π
3 Initialise Ma, D ← ∅;
4 Initialise Q to random values;
5 while not converged do
6 δbht ← BayesianHypothesisTester(λ, β)
7 Q, Donline ← onlineQLearning(Q, δbht) ;
8 D ← D ∪Donline;
9 if δbht > β then

//cex-guided offline learning

10 Ma ← refine(Ma, D); // update the abstract MDP

11 for up to Ncex do
12 Mcex ← cexGeneration(Ma, λ)
13 simTraces ← collectSimulationTraces(Mcex, Q,NScex);
14 Q ← Q-value/Q-network update(simTraces, penalty);

15 end

16 end

17 end
18 π ← argmaxa Q;

4 Evaluation

In this section, we present a preliminary experimental evaluation of the perfor-
mance of our method from two perspectives: 1) the improvement in the explo-
ration safety rate, and 2) the impact on the cumulative reward achieved by the
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agent. Finally, we briefly discuss the overhead of counterexample guidance and
make some observations on the policies it synthesises. Additional experimental
results and discussion, including on abstraction effectiveness and sensitivity to
hyperparameters can be found in [26].

Environments. We consider four environments: DiscreteGrid from the imple-
mentation of [23], the slippery FrozenLake8x8 from OpenAI Gym [6], HybridGrid
– where we change the state space from discrete to continuous with the same
layout in [23], and MarsRover [22] (in particular, the exploration of the melas
chasma in the Coprates quadrangle [34]). In all the environments, the agent de-
cides a direction of move between up, down, left, and right. We define the
objective of the agent as finding a policy with maximum Q-value while avoiding
unsafe behaviours with intolerably high probability λ during exploration. Specif-
ically, in the FrozenLake8x8, the agent aims to find a walkable path in a 8x8 grid
environment with slippery actions while avoiding entering states labelled with
H. With the slippery setting, the agent will move in the intended direction with
a probability of only 1/3 else will move in either perpendicular directions with
equal probabilities of 1/3 respectively. In the DiscreteGrid and HybridGrid,
the agent aims to reach the states labelled with goal1 and then states labelled
with goal2 in a fixed order while avoiding entering any states labelled with
unsafe along the path, with 15% probability of moving to random directions at
every action. In HybridGrid, the distance covered in a move is also randomly
sampled from a Gaussian N (2, 0.5), thus choosing the same direction from a
state may reach different states. In the MarsRover environment, the agent aims
to find one of the target states labelled with goal while avoiding reaching the
unsafe regions, which in this scenario cannot be perfectly abstracted by boxes or
other affine abstract domains. Following [21], the distance covered in each move
is sampled uniformly in the range (0, 10), with the addition of further uniform
noise from U(−0.1, 0.5).

Baselines. We compare the learning performance of our method with classical
Q-Learning and DQN [35] as the baseline for discrete and continuous MDPs,
respectively. For discrete MDPs, we further compare our method with [20] (re-
ferred to as QL-LCRL in the following), using the same set of hyper-parameters
as provided in their implementation and the associated tool paper [21,23]. Given
an automata corresponding to an LTL property, QL-LCRL guides the agent’s
exploration of an initially unknown MDP by reshaping on-the-fly the reward
function to encourage the exploration of behaviors that satisfy such property.
In this application QL-LCRL will encourage a safe exploration by discouraging
reaching unsafe states.

Implementation and parameters. We implemented a standard tabular Q-
learning in Python and used the DQN implementation from OpenAI Gym Base-
lines [37]. We parameterise the abstraction process with a learning rate α and
a discount factor γ for the Q-value/Q-Network updates, and ϵ for adjacent ϵ-
bisimulation. The agents move within Cartesian planes of sizes |S| and the min-
imisation of the abstract models reduces the state space to |Sa|, where the min-
imum size of each box is set to 1 and 0.01 for the discrete and the continuous
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environments, respectively. We set the safety specification parameter λ accord-
ing to the intrinsic uncertainty in the respective environments. A summary of
the parameters used for each environment is reported in the left side of tab. 1
(additional parameters are discussed in [26] to ease reproducibility). We require
at least 50 samples to be collected by the Bayesian hypothesis test before it can
trigger offline training to reduce false positive triggers.

Environment |S| |SA| λ α γ ϵ fpr
QL/DQN
safe.prob

QL/DQN
reward

QL-LCRL
safe. prob

QL-LCRL
reward

Q-CEX
safe. prob

Q-CEX
reward

DiscreteGrid 3200 30 0.2 0.9 0.9 0.01 0.05 0.299 0.924 0.387 0.99 0.572 0.99

FrozenLake8x8 64 50 0.35 0.1 0.9 0.01 0.05 0.339 0.55 0.401 0.54 0.443 0.59

HybridGrid ∞ 41 0.2 5e-4 0.9 0.01 0.05 0.548 0.753 - - 0.687 0.78

MarsRover ∞ 149 0.2 5e-4 0.9 0.05 0.15 0.681 0.947 - - 0.775 0.86

Table 1. Learning results with corresponding hyperparamters in CEX-guided Learning

Experimental Results. Fig. 1 shows the accumulated safety rates (bottom)
and the rolling average of accumulated rewards, indicating the real-time learning
performance of the agent. The line is the average across 10 runs, while the
shaded region around it is the standard deviation. We do not provide any prior
information to the agent. The dashed vertical lines in the figure indicate the
average episode number where an offline learning phase in QL/DQN-CEX (our
method) is triggered, and the solid horizontal line indicates the target safety
rate in corresponding safety specifications. The cumulative rewards of different
methods converge to similar values, demonstrating that the performance under
guidance (QL-LCRL and Q-CEX) achieves cumulative rewards comparable to
the baseline QL and DQNmethod. As expected, providing additional guidance to
discourage actions that may lead to reaching unsafe states with QL/DQN-CEX
or QL-LCRL improves the safety rate of the exploration, with QL/DQN-CEX
achieving on average higher safety rates.

In DiscreteGrid, the safety rate of online learning in our method exceeds the
threshold much faster than other methods. This is due to the rapid convergence
of the abstraction thanks to the grid layout that can be accurately and efficiently
abstracted (and minimised). In turn, no further offline phases were required after
the first 1000 episodes.

In FrozenLake8x8, more online exploration is required to support compre-
hensive counterexample guidance, partly due to the high uncertainty in the out-
come of the actions. Another phenomenon due to high uncertainty is that the
agent takes a longer time to reach a stable performance, therefore the offline
learning phase is triggered more frequently compared with other environments
and also more episodes were required to stably satisfy the safety requirement.

In HybridGrid and MarsRover, while the baseline eventually achieves a
marginally higher cumulative reward in MarsRover, DQN-CEX achieves a higher
safety rate – the number of failures experienced by the agent is inversely pro-
portional to the integral of the safety rate curve, which results in significantly
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Fig. 1. Average over 10 runs of the accumulated safety rates and rolling rewards in
QL/DQN, QL-LCRL [23] and QL/DQN-CEX (our method). The shaded region shows
± standard deviation.

fewer failure events. The frequency of offline training phases also decreases over
time. This is not surprising due to a safer exploration being possibly less specu-
lative and slower in exploring the optimal policy. QL-LCRL is not applicable to
HybridGrid and MarsRover. Although LCRL [23] applies NFQ-based method
for continuous MDPs, NFQ-LCRL trains the agent in a completely offline man-
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ner based on randomly sampled data, thus it is not suitable for comparison with
our method from the perspective of safe exploration.
Overhead. Counterexamples generation requires solving a MILP problem on
the abstract state space. On a Macbook Air with M1 CPU and 8Gb of memory,
the average±stdev time to solve the optimization problems were 0.71±0.98s,
0.08±0.06s, 2.31±3.94s, and 3.87±4.07s for FrozenLake8x8, DiscreteGrid,
HybridGrid, and MarsRover, respectively. We used Gurobi Optimiser v9.1.0 [17]
off-the-shelf. The numbers of counterexamples generated for each offline learning
phase were, on average: 11, 6, 19, and 21, respectively. Notice that both counter-
example generation and the simulations can be parallelised. While the cost of
solving the MILP may be higher, we notice that offline learning is triggered only
when the recent online exploration resulted in an unacceptable failure rate. As
shown in fig. 1, thanks to counterexample-guidance, QL/DQN-CEX can achieve
the required safety exploration rate much faster, which helps amortizing the
initial MILP solution cost. Finally, the optimisation problem might be relaxed
to sacrifice the optimality of the solution (i.e., size of the counterexamples) for
computation time.

5 Related Work

Safe Exploration. [16,27,7] provide surveys and taxonomies of recent safe re-
inforcement learning methods with different emphases. Most existing safe explo-
ration methods assume prior knowledge about the environment or the agent’s
dynamics [36,11,14], known safety constraints [33,25,20,38], or utilise expert
guidance [15,52,24,39] to provide guarantees of safety constraints satisfaction
during exploration. A different class of methods [44,47,32] utilises surrogate
Gaussian process models to characterise the unknown dynamics and optimise
the unknown function with a prior model structure. There are only a few meth-
ods [22,5] tackling safe exploration without known model structure. [22] focuses
on solving continuous, unknown MDPs into sub-tasks using an online RL frame-
work under LTL specification with less emphasis on safety rate but blocking
actions unsafe according to the specification, and [5] trains a safety layer/critic
used for filtering out probabilistic unsafe actions with an offline dataset. While
motivated by the same idea of safer exploration without prior knowledge, our
method can be initialised with none or any amount of previously explored paths,
meanwhile it converged to cumulative rewards comparably or better than base-
line methods.
Offline RL. Offline RL can be seen as a data-driven formulation of RL, where
the agent collects transitions using the behaviour policy instead of interacting
with the environment [31]. The biggest challenge in offline RL is the bootstrap-
ping error: the Q-value is evaluated with little or no prior knowledge and prop-
agated through Bellman equation [28]. [50,41] regularise the behaviour policy
while optimising to address this issue. [9,29] alternatively update the Q values
in more conservative ways to learn a lower bound of the Q function using uncer-
tainty estimated with the sampled information. From the safe RL perspective,



Probabilistic Counterexample Guidance for Safer RL 15

[46] optimises a risk-averse criterion using data previously collected by a safe
policy offline, and [51] learns a constrained policy maximizing the long-term
reward based on offline data without interaction in the concrete environment
using a constrained penalised Q-Learning method. These methods have similar
motivation of combining offline learning with risk-averse RL as ours, while fo-
cusing on continuous control setting instead. Besides utilising offline learning to
reduce unsafe online exploration, we alternate online and offline learning to keep
the abstract knowledge about the environment up to date and increase the risk
aversion of the agent based on the most current evidence it collected online.

6 Conclusion

We presented our investigation of a safer model-free reinforcement learning
method using counterexample-guided offline training. We proposed an abstrac-
tion strategy to represent the knowledge acquired during online exploration in
a succinct, finite MDP model that can consistently and accurately describe
safety-relevant dynamics of the explored environment. Counterexample gener-
ation methods from probabilistic model checking are then adapted to synthesise
small-scale simulation environments capturing scenarios in which the decisions of
the agent may lead to the violation of safety requirements. The agent can then
train offline within this minimal submodels by replaying concrete transitions
recorded during past online exploration consistent with the counterexample, us-
ing a reward scheme focused on reducing the likelihood of selecting actions that
may eventually lead to visiting again explored unsafe concrete states. The q-
values penalized during the offline training phases implicitly reduce the risk of
repeating unsafe behaviors during subsequent online exploration, while newly
explored paths feedback information to the next offline learning phase.

The alternation of online exploration – and abstraction refinement – and
counterexample guided learning can ultimately lead to higher safety rates during
exploration, without significant reduction in the achieved cumulative reward, as
demonstrated in our preliminary evaluation on problems from previous literature
and the OpenAI Gym. While this paper focused on improving Q-Learning (and
the related DQN algorithm), the fundamental framework is not specific to Q-
Learning, and we plan to explore its impact on other learning algorithms in
future work.

Data availability. A prototype Python implementation of our method is avail-
able at Github: https://github.com/xtji/CEX-guided-RL.

https://github.com/xtji/CEX-guided-RL
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