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Verification and adaptation methods based on probabilistic model checking for self-adaptive systems traditionally focus on expected
values of system properties, which can mask rare but critical outcomes and lead to control policies that optimize average performance
but behave poorly in the tail. Existing distributional probabilistic model checking methods typically rely on arbitrary discretization of
reward distributions, with limited guarantees for continuous-valued rewards and poor scalability when propagating full distributions
for policy optimization in MDPs. Building upon our prior moment-based verification framework for DTMCs [26], we introduce a robust
policy optimization method for MDPs that uses moment-based bounds on distributional tail probabilities to enforce chance constraints
while optimizing expected cumulative reward. Our approach computes analytical moments of cumulative rewards via first-step analysis
and MGF-based recurrences. We then use the moment-based Cantelli bound to obtain a conservative and differentiable surrogate for
the non-smooth chance constraint using only a finite number of moments, and use this surrogate to guide policy optimization with
conservative probabilistic guarantees. Experimental evaluation on PRISM MDP benchmarks demonstrates that our Cantelli-based
value iteration achieves risk-sensitive performance comparable to distributional baselines while reducing runtime by up to 100 X and

supporting continuous-valued rewards without binning.
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1 Introduction

Probabilistic model checking (PMC) [29] is widely used in self-adaptive systems to detect quantitative requirement
violations and to support planning of adaptation actions [6, 16, 32, 42]. However, many PMC methods focus only on
expected values of system properties, thereby ignoring rare but important outcomes that cause requirement violations.
For adaptation and control, expected-value objectives (as in PRISM reward queries such as Rpin =? or Ryax =7) can
lead to policies that optimize the average but behave poorly in the tail, which limits robustness in verification and
decision-making.

Recent work in PMC [2, 13], inspired by distributional reinforcement learning [5, 11], supports distribution-level

reasoning for DTMCs and MDPs by representing probability or reward distributions with histogram approximations. In
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practice, histogram accuracy depends heavily on the binning choice: fewer bins give coarse approximations, while many
bins increase cost while still introducing discretization bias. The piecewise-constant representation is non-differentiable,
making distribution propagation and transformations harder and less stable. Histogram approximations also struggle to
represent multimodality and heavy tails accurately, and convergence guarantees often require integer-valued rewards.
These issues are exacerbated in large or continuous-valued reward spaces and in multi-objective settings, where the

number of bins grows combinatorially.
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Fig. 1. UAV flight process with states {so, s1, sz, 53,54} representing Takeoff, Stable Flight, Maneuvering, Descent, and
Landing, respectively. Transition probabilities and rewards are shown on the edges in the form of p/r. The cumulative reward
distribution at s, is illustrated using the expected value (grey), histogram approximation (light blue), and empirical samples
(green), highlighting the different levels of information provided by various methods on the same distribution.

Example. Consider the UAV flight process in Fig. 1(a) modeled as a DTMC whose states correspond to the specific flight
phases Takeoff, Stable Flight, Maneuvering, Descent, and Landing. Transitions are annotated with probabilities
and rewards, where the reward encodes the energy consumed by the corresponding maneuver. The cumulative reward
at so represents the total energy usage over a flight. Standard PMC focuses on the expected cumulative energy (grey
line in Fig. 1(b)), which can be misleading for decision-making because it does not show how probability mass is split
across typical and rare outcomes. Histogram-based estimates (light blue bars) provide more detail but may smooth
closely spaced peaks and miss isolated peaks and tail behavior, as shown by Monte Carlo samples (green points). This
example demonstrates why expectation-based analysis and coarse histogram approximations both miss significant

information for model verification and robust action selection.

We previously introduced a moment-based distributional PMC framework for DTMCs in [26], which approximates the
cumulative reward distribution up to absorption using analytical moment matching. This method provides efficient,
conservative verification via Cantelli inequalities and precise verification via Erlang mixture approximation, enabling
distributional analysis beyond expected values. Erlang mixtures can approximate any positive random variable to
arbitrary accuracy [40] and align well with Markov reward models. This representation can also support continuous-
valued rewards without discretization, captures multimodality and tail behavior more precisely, and preserves higher-
order statistics such as skewness and kurtosis through moment matching, therefore addressing potential problems of
histogram-based discretized methods. However, the framework in [26] addresses only verification (checking properties

of a fixed DTMC), not control (synthesizing policies for MDPs that satisfy distributional requirements).
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In this work, we build on the above robust PMC framework and extend it from verification on DTMCs to risk-aware
policy synthesis on MDPs. We formulate a chance-constrained control problem that optimizes the expected cumulative
reward! while enforcing a chance constraint of the form P(R” < 1) > @, where R” is the cumulative reward in the
induced DTMC under the synthesized policy 7. This chance constraint is global and difficult to optimize directly: it
is non-differentiable, and the full cumulative reward distribution is not available in closed form. We address this by
using analytical moments to derive Cantelli bounds, giving a conservative and differentiable surrogate for the chance
constraint. We integrate this surrogate into a value-iteration update, leading to a robust risk-sensitive VI method that
synthesizes policies with guaranteed upper/lower bounds on violation probabilities, without Monte Carlo sampling,
histogram discretization, or explicit distributional state augmentation, while remaining applicable and efficient for
discrete-valued and continuous-valued reward verification.

Our previous work [26] introduced a robust PMC verification framework based on analytical moments, along with

error bounds and empirical evaluations. In this work, we make the following additional contributions:

(1) Robust risk-sensitive policy optimization. We extend moment-based robust PMC from DTMC verification
to chance-constrained policy synthesis for MDPs. Our method integrates Cantelli bounds into the synthesis
loop using only analytical moments of the policy-induced DTMC, resulting in a conservative and differentiable
surrogate for the chance constraint.

(2) Soundness considerations. We establish soundness properties induced by the surrogate objective function,
including its ability to separate Cantelli-certified policies from uncertified ones, and to prevent the policy search
process from escaping regions that satisfy the chance constraint.

(3) Empirical evaluation on PRISM case studies. We evaluate our approach on PRISM MDP benchmarks with
both discrete and continuous rewards, and compare against risk-neutral and distributional baselines [13] in

terms of expected cumulative reward, tail risk, and computational efficiency.

The remainder of the paper is organized as follows. Section 2 provides background on PMC and moment-based analysis.
Section 3 summarizes our prior verification framework, Section 4 presents the policy optimization method. Section 5

evaluates the approach empirically, Section 6 discusses related work, and Section 7 concludes.

2 Background
2.1 Markov Models and Markov Reward Process

Discrete-Time Markov Chain (DTMC). A discrete-time Markov chain (DTMC) is a tuple D = (S, s, P, R, AP, L),
where S is a finite set of states, sy € S is the initial state, P : S X S — [0, 1] is a stochastic transition matrix with
SvesP(s,s’) =1foralls € S,and R : S — R is a state reward function, %, AP is a set of atomic propositions, L: S — 24P
is a labeling function mapping each state to a set of propositions that hold true in that state. The system evolves as a
stochastic process {X; };>0 with Xy = 5o and Pr(X;41 =" | X; =) = P(s, ).

Markov Decision Process (MDP). A finite MDP is a tuple M = (S, so, A, P, R), where S is a finite state space, s) € S
is the initial state, A is a finite action set, A(s) C A is the set of actions at state s, P(- | s, a) is the transition kernel on
S, R: S XA — Ris aone-step reward, and St C § is a set of absorbing states such that for any s € St and a € A(s),
P(s | s,a) = 1. A stationary deterministic policy is a function that maps 7 : S — A with n(s) € A(s).

n this paper we use the term reward for PRISM reward structures, and we say optimize reward to cover both Ry, and Rmax objectives.
Transition rewards are sometimes used for compactness (e.g., Fig. 1). They can be reduced to state rewards without loss of generality by systematically
introducing intermediate states that carry the transition reward.
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Notably, a specific induced DTMC D™ = (87, so, P”, R”™, AP, L) can be constructed by a finite MDP M and a given policy
7, where 87 is a sub-space of the finite state space S of the original MDP, s, € S” is the initial state, P7: S x 8" —
[0, 1] is the stochastic transition matrix.

Reward Process. We consider a Markov model with non-negative reward function r: S — Ry, representing the
instantaneous reward received in each state, together with a sequence of random variables {X,, },>0. The total cumulative
reward up to time N is R(N) = Z"N:O r(X,). As the expectation of probabilities and rewards in Markov Models can be
computed as the solutions of linear equations [9], the expected total cumulative reward p = E[ZZ;OI r(X,)] can be
easily computed by solving the linear system u = r + Py if the system is transient.

Value Iteration. To analyze quantitative properties in Markov models, standard probabilistic model checkers, such as
PRISM, compute optimal expected reward queries (Rmin =? or Rpax =?). Value iteration applies the Bellman optimality

update over states until convergence (with V(s) = 0 for s € St):

V(s) = min/ag}gg(s) r(s,a) + Z P(s" | s,a) V(s")
s’eS

In this paper, we use this standard update as the starting point and modify it to obtain a robust risk-sensitive value-

iteration scheme.

2.2 Probabilistic Model Checking

Having established the foundational Markov models, we now describe how probabilistic model checking uses these
models to verify quantitative properties.

Probabilistic model checking (PMC) is a formal method for reasoning about quantitative properties of systems modeled
as stochastic processes, typically DTMCs and MDPs [29]. In this work, we focus on the verification and policy synthesis
in discrete Markov models of regular properties [3], which can be reduced to reachability and reward-to-target objectives:
either (i) the probability of reaching a target set of states, or (ii) the cumulative reward accumulated until reaching that
target. These properties are commonly specified using formalisms like co-safe LTL [30] or PCTL fragments without
nested modalities [3]. Without loss of generality, we consider properties of the form P..,[ ©¢ | and Ry [ ©¢ |, where
€ {<,>}, p € [0,1] is a probability bound, b € [0, o) is a reward bound, and ¢ is a Boolean state predicate.

The formula P..;,[ ¢¢ ] holds in a state s if the expected probability of eventually reaching a ¢-state from s is >« p.
Similarly, Roop [ © ¢ ] is evaluated by comparing the expected cumulative reward until a ¢-state is reached with the bound
b. For DTMCs, both reachability probabilities and expected cumulative rewards reduce to solving linear systems over
transient states. For MDPs, the same quantities depend on the chosen policy; PMC tools typically compute extremal
values (e.g., minimal or maximal probability/reward over policies) using dynamic programming with the Bellman
operator and value iteration [3, 38]. These quantities are expectations, which do not fully characterize the probability

distributions of reachability or accumulated rewards that could be relevant when specifying probabilistic requirements.

Example. For the UAV system in Fig. 1, the expected cumulative reward is 7.51, which is rarely achieved across runs and
does not capture the bi-modal behavior of the system.

Chance constraints. A common way to formulate distributional requirements for reachability and reward properties
is through chance constraints [8, 15]. These constraints support requirements of the form “the cumulative reward
stays below (or exceeds) a threshold with at least a given probability.” Reasoning about reachability can be reduced to
reasoning about cumulative rewards via standard model transformations [17]; likewise, reaching a target set can be
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reduced to absorption into designated absorbing states via standard graph-based reductions [3]. Therefore, without loss
of generality, we focus on the distribution of the cumulative reward to absorption.

Formally, let X denote the random cumulative reward to absorption over runs of the Markov process. A chance-
constrained requirement can be defined as Pr(X < r*) > a, where X represents the cumulative reward to absorption, r*
is a threshold value, and « is the required probability level.

This requirement is equivalent to a Value-at-Risk (VaR) bound, where the a-quantile is VaR,(X) £ inf{x € R :
Pr(X < x) > «a}. Another commonly used tail-risk measure is Conditional Value-at-Risk (CVaR), CVaR,(X) =
E[X | X > VaR,(X)], which summarizes the expected magnitude of the upper tail beyond VaR and often requires
additional tail estimation. While VaR, CVaR, and chance constraints are all used in distributional learning and risk-
aware verification, we focus on chance constraints in this work to obtain a direct probabilistic guarantee that fits our

moment-based analysis.

2.3 Moment Generating Functions and Markov Reward Distributions

To evaluate chance constraints and approximate cumulative reward distributions, we require analytical techniques
for computing distributional properties beyond expected values. This subsection introduces the moment generating
function (MGF) approach, Cantelli bounds for tail probabilities, and Erlang mixture approximations.

Moment-Generating Function (MGF). We use first-step analysis to compute analytical moments of the cumulative
reward to absorption for enabling distributional analysis using moment-based information. We consider a set of transient
states C C S and absorbing states C° C S (where CNC® =0, CUC® =), with T = inf{n > 0: X, € C°} denoting the
first hitting time of a state in C°. The total cumulative reward up to absorption is represented by Ry = 5;01 r(Xn). The

MGEF of Ry starting from X, = x, denoted by Mg, (6, x), is given by:

T-1
exp (9 Z r(Xn))

n=0

MRT(Q, x) =By [egRT] =E, (1)

For a Markov model, the MGF of Ry starting from X, = x satisfies the linear system:
Mg (6) = f(6) + G(6)M(0),

where f(0,x) = ¥ ece e @) p(x,y) for x € C, and G(6, x, y) = e *) P(x,y) for x,y € C.
Analytical moments from the MGF. The k-th moment u(x) = E, [Rﬂ starting at X, = x can be obtained by

differentiating the MGF uy, = %MRT (9)‘6 with the following recurrence:
=0

k

we(x) = > P(x,y) )| (’j)r(ac)k-"u,»(y), k>1 2

yes i=0
Cantelli Inequality. Chance constraints on the finite-horizon cumulative reward Ry can be bounded via Cantelli
inequality [20] (also known as one-sided Chebyshev’s inequality [39]) using a finite number of analytical moments.
We consider two directions that appear in PMC reward objectives: (i) an upper-threshold constraint (typical for Ry;n)
Pr(Rr < 7| Xp =s0) > a, and (ii) a lower-threshold constraint (typical for Ryax) Pr(Rr > 7 | Xo = s0) = .
For any integer n > 2, we define u; = E[Ré‘. | Xo = so] as the k-th raw moment and my = E[(Rr — u1)¥ | Xy = so] as the

k-th central moment, with any threshold 7 > u;, and any shift of the central moments b > —(7 — u;), the higher-order
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Cantelli bound gives

E[(Rr —us +b)" | Xo = 5] _ o ()0" Fmy

Pr(Rr > 7| Xo =s0) <

(r—u +b)" T o (t-—w+ b )

Tiso (6" Fmy

Pr(Rr <7|Xo=$0) 21— ——————

r(Rr < 7] Xo =50) 2 (c—u 1B
—4,2
For n =2, choosing b = ui:ll minimizes the bound and yields the classical closed forms of the Cantelli inequality:
—up)? uy — u?

Pr(Rr < 7| Xo = 50) > (£ =) Pr(Rr > 7| Xo = s0) < 2 (4)

(T_ul)2+(u2_u%), (T—u1)2+ (uz—uf)'
These bounds depend only on a finite number of moments of Ry, which we obtain analytically from the MGF equation (2),

and hold for any cumulative reward distribution with those moments.

Example. The first moment for our UAV computed with Equation (2) corresponds to the expected reward computed,
e.g., by the PRISM model checker [31]: u = 7.51. However, the standard deviation is ¢ = 4.91. Using, for example,
Cantelli’s inequality, this implies only 50% of the trajectories are guaranteed to fall within the interval [0, y + o], leaving
a significant portion of the distribution not represented.

This result indicates that the expected value alone provides limited information, motivating the need for accurate
distribution approximations and robust model checking in risk-sensitive systems. Next, we introduce the base distribution
used for moment-matching approximations.

Erlang Distribution. The Erlang distribution is a special case of both phase-type and Gamma distributions with integer
shape parameters [14]. An Erlang distribution with shape parameter a € Z* and rate parameter A € R is defined by

the probability density function and the cumulative distribution function

Aaxa—le—/\x a-1 Ax je—/lx
felxad) = o Fx(x;a, ) :1—;%. (5)
=

To approximate the distribution of the cumulative reward to absorption, we use the mixture of Erlang distributions,
motivated by its inherent connection to Markov models and its strong ability to approximate positive distributions
arbitrarily well [1, 24, 40]. In this work, we use an Erlang mixture with a common rate parameter to reduce the cost of
moment matching without sacrificing approximation quality [7]. Matching the first K analytical moments produces
a smooth parametric approximation of the cumulative reward distribution, which we use for robust distributional
reasoning beyond expected values.

Notation. The above definitions will be used in robust probabilistic model checking in Sec. 3 and in chance-
constrained risk-aware policy synthesis in Sec. 4. For reference, Table 1 summarizes the main symbols used in the
following sections for both DTMCs and MDPs.

3 Robust Probabilistic Model Checking for DTMCs

In this section, we summarize the relevant part of the robust probabilistic model checking method proposed in [26],
which is used as a verification backbone for the policy optimization method. Section 3.1 reviews the Markov reward
distribution approximation based on Erlang mixtures, which reconstructs a smooth density on [0, +c0) from a finite set
of analytical moments and avoids the discretization issues of histogram-based approaches. Section 3.2 then describes
the verification framework, including a fast sufficient verification based on Cantelli bounds, and a more accurate
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Table 1. Summary of key notation.

Symbol Meaning

T Absorption time, i.e., the first time a target or absorbing state is reached
Rr Cumulative reward accumulated until absorption

RT Cumulative reward until absorption under policy =

X Random variable denoting the cumulative reward

T Reward threshold used in a chance constraint

a Required satisfaction probability in a chance constraint

Uy k-th raw moment of Ry

m k-th central moment of Ry

uy k-th raw moment of R} under policy

m”

7 k-th central moment of RT. under policy 7
pn(m) n-th order Cantelli lower bound on the satisfaction probability of policy =

L.(r)  Barrier-augmented surrogate objective used for policy synthesis

c Penalty weight in the barrier objective

€ Small slack parameter used to stabilize the barrier objective
fappmx Erlang-mixture approximation of the cumulative reward density
K Number of analytical moments used for moment matching

Fast Verification with Cantelli Erlang-mixture CDF

Compute analytical Closed-form CDF estimate using uj,
Pr(Rr)

using MGF
Solving moment equations
recursively for u, = B[R},

Cantelli conservative lower bound pn <
Si (3)otms

Input

DTMC D/
Induced DTMC D™ l Pn >

Goal

Verify Pr(Ry < 7) >

Discretize rewards | Histogram propagation

Into atoms/bins | Propagate distribution through the DTMC CDF estimate from histogram

\
Histogram CDF | |
|
|
|

Fig. 2. Workflow for robust probabilistic model checking on DTMCs. The bottom row shows a histogram-based approximation,
which discretizes rewards and estimates the satisfaction probability from the propagated histogram distribution. The top
row shows the proposed moment-based method, which computes analytical moments and then uses Cantelli’s inequality
to provide a conservative lower bound p,(7) on the satisfaction probability. If p,(7) > «, the chance constraint is certified
directly; otherwise, an Erlang-mixture CDF provides a more accurate estimate.

evaluation based on the Erlang-mixture approximation. Fig. 2 summarizes the overall verification workflow. Our robust
probabilistic model checking method avoids reward discretization by computing analytical moments and using them

for Cantelli verification and Erlang-mixture approximation.

3.1 Markov Reward Distribution Approximation

To verify chance-constrained properties in Markov models, we start by approximating the distribution of the cumulative
reward to absorption Ry in a DTMC D (or induced DTMC D7) with initial state s, and transition matrix P. We model
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Algorithm 1 Markov Reward Distribution Approximation
Input: DTMC D (or induced DTMC D7) = (S, so, P, r, AP, L), tolerance € > 0, the absorption time T, the number K of
moments, and number n of Erlang components

Output: Approximated mixture of n Erlang distributions fpprox (x)
L f=Yyer k1) p(x, y)x€SandG = ekr@ p(x, Yy)x,y €S

2o =rkf+ Zfzo (’;)G(k‘” Vk e {1,...,K} > Compute analytical moments with Eq. (2)
3: Initialize £ = o0 and w;,a;,A  Vie {1,...,n}

4: repeat

5: Lprev =L

6: e =20, wi% %k Vk e{1,...,K} > Compute approximate moments
7: H(fapprox) = — _/00(1 Sapprox (%) 10g fapprox (x) dx > Calculate the differential entropy
8: minwi,ai,/\ L= Zlk(:l ()uk - ﬁk)z - YH(fapprox)

9: subjectto Y1, w; =1, @; =0, a;€N*, 1>0

10: ®j, a;, A < argming,, 4, 3 L > Update parameters

11: until |£prev — £| <e€
12: return fapprox (X) = Z?:l wifErlang (x§ ai, A)

the approximating density fipprox as a mixture of n Erlang components:

fépprox (x) = Z wif}‘irlang (x§ ai, A), (6)
i=1

where w; > 0 are non-negative mixture weights with Y7 w; = 1, a; € Z* are shape parameters, and A € R* is
a common rate parameter. This mixture defines a smooth and differentiable density on [0, +o0), which avoids the
piecewise-constant artifacts of histogram approximations.

We formulate this approximation as a truncated Stieltjes moment problem on [0, +o0) [19]. Given the first K analytical
moments iy, . .., g of Ry (computed as in Section 2.3), we choose the mixture parameters (w;, a;, 4) so that the first K
moments Iy, ... ., fik of fapprox Match the target moments. We also include an entropy regularizer [18, 35] to encourage
a less biased approximation by maximizing entropy.

The parameters in the mixture are obtained by solving the following moment-matching problem:

K
min £ = > (e = 1) = v H(fapprox)» W)
wij,aj,A =

where H(fapprox) = — _/00(1 Sapprox (%) 10g fapprox (x) dx is the differential entropy of the mixture, and y > 0 controls

the trade-off between moment fit and entropy. For an Erlang mixture with common rate 4, the k-th raw moment is
Main Algorithm. Algorithm 1 takes a DTMC D (or an induced DTMC D7), a tolerance ¢, the number of moments K,
and mixture size n, and returns an Erlang-mixture approximation of the reward distribution to absorption. For a fixed
K, |K/2] + 1 Erlang components are often sufficient to match K moments while keeping the mixture compact [28].
The method first computes the target moments gy analytically (lines 1-2) and the differential entropy H(fapprox)-
Then it iteratively updates (w;, a;, A) to minimize the objective £ under the simplex and positivity constraints until
the convergence criteria are satisfied. The algorithm then returns the approximated distribution with the optimized

parameters for further analysis via robust model checking. To improve numerical stability when matching higher
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moments, we optimize over standardized moments fix = p/c* for k > 3, using ¢ = {[uy — u? (the standard deviation) as
a scale factor. We further provide the initial values and a hyperparameter ablation study in Section 5.

Algorithm 1 can approximate the cumulative reward distribution arbitrarily closely by increasing the number of
moments K and the number of Erlang components n [19, 40]. The entropy term encourages selecting a less biased
result and avoids pathological fits when only a small number of moments is available, which is useful in robust model

checking where conservative decisions are preferred over overfitting to limited statistics [35].

Complexity Observations. We discuss the worst-case complexity of this algorithm in two parts, and note that in
practice, the complexity can be further reduced.

i) Computing the first K moments requires solving K linear systems whose dimension matches the state-space size £. A
worst-case complexity for solving this linear system is O(£?), standard numerical solvers (e.g., Numpy [23]) usually
improve over such a bound and can exploit the sparsity and possible symmetries in the transition matrix for more
efficient computations.

ii) Fitting an Erlang-mixture to match the moments leads to a mixed-integer non-linear optimization problem, which
is NP-hard in general. In practice, we reduce the computational burden by fixing the Erlang shape parameters to a
prescribed well-spread set and optimizing only the remaining continuous parameters (rates and mixture weights). This
converts the problem into a more tractable continuous optimization that can be solved efficiently with state-of-the-art
optimizers (such as Gurobi [22] or SciPy [41]). We refer to the detailed discussion of these practical choices and the
accompanying empirical evaluation in [26], where we also report on the accuracy and computation time required for

different spreading strategies and the number of components.

The theoretical justification for approximating the cumulative reward distribution of a DTMC using mixtures of Erlang
distributions is provided in [26]. The argument proceeds in three steps: (i) discretize rewards to obtain a discrete
phase-type (DPH) approximation with a uniform bound on the CDF error; (ii) convert this to a continuous phase-type
(PH) approximation via Erlangization; and (iii) approximate the resulting nonnegative distribution by a mixture of
Erlang distributions. Overall, this establishes a constructive approximation pipeline from the Markov reward distribution

to an Erlang-mixture representation with a provable error bound.

3.2 Robust Property Evaluation

We now detail the robust property evaluation formulation used in probabilistic model checking. This formulation
verifies that the probability that a performance measure violates a threshold remains below or above a predefined
level a, rather than only validating whether the expected reward stays below or above this threshold. We present two
complementary evaluation methods for the robust property evaluation: (i) a fast sufficient check based on Cantelli’s
inequality, and (ii) a more accurate verification based on Erlang mixtures.
We formalize robust property evaluation for chance-constrained requirements [15] on the distribution of the cumulative
reward until absorption, denoted by X, as

Pr(X <r*) > «a, 8)
where r* is a verification threshold controlling tail behavior and « is the required probability level. Constraints of
the form X > r*, or more generally r, < X < r*, can be handled in the same way using standard properties of the
cumulative distribution function.
The almost-sure properties, where the probability of satisfying a temporal formula is required to be 1 (or 0), can also be
phrased as chance-constrained requirements; whereas chance constraints additionally enable controlled relaxation of
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requirements. This makes our distributional approach well-suited to verifying probabilistic safety requirements [29],
and to robustness analysis of policies synthesized for MDPs via reinforcement learning [21], by reasoning over the
induced DTMC model [4, Ch. 10].

Efficient Sufficient Conditions. This robust property can be validated efficiently once the moments of the reward
distribution have been computed by using probabilistic inequalities derived from Markov’s theorem [20]. These kinds
of inequalities bound the probability that a random variable exceeds a threshold using only finitely many moments,
independent of the distribution’s exact shape. As a result, these bounds can be conservative, as we illustrate later. Under
our assumption of non-negative rewards, the sharpest Markov-type bound is Cantelli’s inequality, as we detailed in

Section 2. We can reuse the general and classical Cantelli bound in Equation 3 and 4

Ziewo (D)D" e u — u}

Pr(Rr <7 | Xo=5)=>1- Pr(Rr > 17| Xo =50) < .
(Rr < 7| Xo =50) (t—u, + D)7 (Rr =2 7| Xo = s0) (=) + (up — )

©

For any integer n > 2, we define u; = E[R§ | Xo = so] as the k-th raw moment and my. = E[(Ry — u1)¥ | Xo = s0] as the
k-th central moment, for any threshold 7 > u; and any shift b > —(7 — uy). For n = 2, choosing b = u:_;l:% minimizes
the bound and yields the classical closed form of Cantelli’s inequality above.
After computing the first K moments of the reward distribution in the initialization phase, Equation (3) can provide a
fast and robust decision on the probabilistic model checking problem by comparing its right-hand side with the target
value a. If the chance constraint holds, the decision procedure terminates. Otherwise, it is still possible that Cantelli’s
inequality is not satisfied due to its conservativeness — the inequality must hold for any distribution. In such a case,
reconstructing fapprox is required to obtain a more accurate answer.
When Cantelli’s inequality does not yield a decisive evaluation of the robust property (see the example below), we
instead use the Erlang-mixture approximation fipprox constructed in Algorithm 1. Given fipprox, evaluating the chance-
constrained requirement in Equation (8) reduces to computing the cumulative distribution function of a finite Erlang
mixture:

Pr(X <) = ) ;P (a5 As) = Fapprox(r"), (10)

i

where the cumulative distribution functions Fx, (x; a;, A;) are defined for each Erlang component of the mixture as in

Equation (5).

Example. Fig. 3 shows the cumulative distribution for our UAV running example. The solid green line shows the CDF
Fapprox (integral of fipprox) estimated with our method by matching the first three moments to construct a mixture of
three Erlang distributions. The shaded bars show the empirical distribution drawn from one million simulations of the
system, which we use to approximate the ground truth. The dashed vertical lines show the probability bounds computed
using Cantelli’s inequality for the chance requirement of Equation (8), with values of r* being on the x-axis and each
dashed line showing a different probability threshold a. Consider the requirement Pr(X < 15) > 0.65. Cantelli’s
inequality (n = 3) ensures that Pr(X < 15) > 0.68, therefore the requirement holds and there is no need to compute
fapprox (optimization loop in Algorithm 1) to draw a conclusion. If we were instead to verify Pr(X < 15) > 0.8, due to
its conservative nature, Cantelli’s bound would not be able to prove that the system indeed satisfies the requirement, as
correctly concluded by evaluating Fapprox (15).

The moment matching process ensures that the approximation closely represents the true stochastic behavior of the

system using only the first K moments [19]. The use of multiple moments captures both central tendencies and tail
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Fig. 3. CDF-based evaluation of the cumulative reward distribution in the UAV example. The light-blue samples show the
simulated empirical CDF, while the green curve shows the Erlang-mixture CDF estimated by our method. The dashed
vertical lines mark thresholds certified by Cantelli’s inequality at different probability levels, illustrating that Cantelli provides
fast conservative certificates, while the Erlang-mixture CDF gives a more accurate distributional estimate.

behaviors, which are essential for assessing system robustness. We assess experimentally the quality of the approximants

with different numbers of moments, as well as the computation time required to construct them (see [26] for details).

4 Robust Chance-constrained Policy Optimization

In this section, we move from verification to control. In standard PMC, policy synthesis for expected-reward objectives is
solved by dynamic programming, typically via value iteration [29]. A direct distributional extension would maintain an
approximation of the cumulative reward distribution during policy updates (e.g., histograms, kernel density estimation,
or Erlang mixtures) and improve the policy using tail probabilities to evaluate the chance constraint. This is expensive
because each update propagates distributional objects, and approximate CDFs are not automatically conservative, so
they may underestimate tail risk for some policies.

To avoid explicit distribution tracking inside the optimization loop, we propose the use of analytical moment
equations (Section 2.3) and a Cantelli bound to obtain a conservative bound on the satisfaction probability. Given a
finite MDP M, we synthesize a stationary policy that satisfies a chance constraint on the cumulative reward up to
absorption while optimizing expected performance. We then embed this bound into a piecewise differentiable penalty
and derive a value-iteration update that trades off the mean reward against higher-order moment penalties. We refer to
this construction as a conservative surrogate: it replaces the original chance constraint with a sufficient condition based
on a lower bound of the satisfaction probability. The resulting unconstrained objective is a differentiable relaxation
because the hard, non-smooth chance constraint is replaced by a differentiable penalty term that can guide policy
improvement. We present the Ry, case (i.e., minimizing expected cumulative reward) to simplify notation; the same
construction applies to Ryax by switching the tail direction and the greedy improvement step. Fig. 4 summarizes the
proposed policy-synthesis workflow. At each iteration, the current policy induces a DTMC whose moments define a
Cantelli-based conservative bound and a barrier-augmented objective, which then guides the greedy policy update.
Problem Formulation. We consider a finite MDP M = (S, s, A, P, R) with absorption time T. For a stationary policy
7, the cumulative reward up to absorption is RT = tT:_Ol r(X¢, 7(X;)). We assume that the expected cumulative reward
to absorption is bounded under any policy by a value Ry, < oo. Given a threshold r € Ry and a confidence level
a € (0,1), we aim to solve the chance-constrained Ry, problem
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Compute analytical Barrier-augmented objective Surrogate-guided : *
moments under T X . policy update Output policy 7
Compute moments ug of the Compute Cantelli bound g () based on uj

F h
induced DTMC D* L. or each state 8 and action a:
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Fig. 4. Workflow for robust chance-constrained policy optimization. For the current policy z, the method computes moments
on the induced DTMC D7, forms the Cantelli bound p,, (x) and barrier-augmented objective L., and uses the resulting
state—action score J (s, a) for a greedy policy update. The iteration returns a policy =* that is certified when p,, (7*) > a.

min IE[R’Tr | Xo = so] s.t. Plr(R’TI <7t|Xo=5) = a. (11)
T

Because any policy 7 of the MDP M induces a DTMC D”, one can in principle compute the moments of the cumulative
reward distribution analytically and approximate the CDF using the Erlang approximation recalled in Section 2.3. Since
the policy search space is finite, such a process terminates, yielding a solution to the problem in Equation (11). However,
this approach would be intractable in practice, due to both the combinatorial explosion of the policy search space and
the cost of fitting an Erlang distribution for each explored policy. Additionally, it may be difficult to decide a priori the
size of an Erlang mixture that would yield satisfactory accuracy for the tail behavior of each possible policy, which
would further exacerbate the cost of the fitting problem if large mixtures are conservatively used.

Instead, in the remaining of this section, we propose a different policy search method that relies on the n-th order
Cantelli bound in (3) to assess whether a policy satisfies the chance constraint in Equation (11) and define a differentiable
relaxation of the problem that guides policy optimization toward policies satisfying the conservative certificate, while

optimizing in best-effort the expected reward of the system.

Barrier-Augmented Surrogate Objective. A common approach for constrained MDPs is to replace the hard constraint
and convert (11) into an unconstrained problem using a log-barrier [33, 43]. Following this idea, we introduce a barrier-
augmented surrogate objective L. that reformulates the chance-constrained problem into an unconstrained optimization,
while retaining the constraint behavior through a conservative satisfaction bound based on the Cantelli inequality.
The objective is called barrier-augmented because it augments the expected-reward objective with an additive barrier
penalty. The log-barrier term grows sharply as the conservative satisfaction bound approaches « from the feasible side,
while the linear extension penalizes policies that violate the conservative bound. This barrier we formulate serves the
dual purpose of efficiently guiding the exploration of the policy space towards regions that satisfy the chance constraint,
while optimizing the expected reward within such satisfactory regions.

For any fixed policy 7, we first compute a conservative lower bound on the satisfaction probability Pr(RT < 7 | Xy = s)
using the n-th order Cantelli bound following (3)

S ("]

(t—uf +b)"

>

pn(m) :=1-

where u;} denotes the k-th raw moment of the cumulative reward distribution, m;’ denotes the corresponding k-th
central moment, 7 > u7 is the threshold and b is the shift applied to the central moments as defined in Section 2.3. Since
pn () is a lower bound on the true satisfaction probability, the condition p, () > « is a conservative certificate that
Manuscript submitted to ACM
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Pr(RT < 7| Xo = so) > . We assume per-step rewards are non-negative and bounded, which implies max, u] (sp) < o0;
Rmax is an upper bound on the expected reward under any policy, i.e., max, u] (o) < Rpax < 0.

We define the barrier-augmented surrogate objective L, following the smoothed log-barrier idea in [43] to enable
stable optimization both inside and outside the policy search region that satisfies the chance constraint. In particular,
we define a piecewise log-barrier with a linear extension based on whether the chance constraint is satisfied according

to the conservative Cantelli bound (i.e., p, () — a > 0) or not:

¢ log(pn(n) — a +¢), pn(m) —a >0,
Le(m) =uf - (12)

w +clog(e) — Rmax pn(m) —a <0,
where ¢ > 0 is a penalty weight and ¢ > 0 is a small slack to ensure the logarithm is well defined. The sign of p,(7) — &
separates the policy space into two regions: policies with p,(7) > « are certified by the Cantelli bound to satisfy
the chance constraint, while policies with p,(7) < « are not certified and are treated as infeasible by the surrogate

objective.
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Fig. 5. Log-barrier objective with linear extension for the chance constraint. The barrier term in L. (excluding u7) is plotted
as a function of p,, () € [0,1] with & = 0.7, comparing two penalty weights ¢ € {1, 10}, two values ¢ € {107%,107%} and
Rmax = 100. The dotted line marks the chance constraint boundary p, () = « , and the shaded region indicates the constraint
violation set p, (r) < «; the right panel zooms into the neighborhood of «.

Within the satisfaction region p, () — & > 0, the log-barrier term ¢ log(p, () — a + ¢) discourages the policy from
approaching the constraint boundary. While in the violation region, we use a linear extension M to provide
a non-vanishing gradient that pushes the policy towards reducing the constraint violation, together with a fixed
infeasibility penalty clog(e) — Rmax that ensures that any policy violating the chance constraint receives a penalty in
excess of the maximum expected reward achievable along any policy. Figure 5 illustrates visually how policies with
pn () close to the target o incur a large barrier penalty, while policies well inside the satisfactory region (right-hand
side of the figure) are mainly driven by uT (the expected reward) for reward optimization. Therefore, L. can be viewed
as an interior-point approximation of the original chance-constrained optimization. The value ¢ controls the strength of
the penalty and we will discuss its adaptive tuning later.

Dynamic Programming Updates. In the finite MDP setting with known transition dynamics, we would like to leverage
dynamic programming (e.g., value iteration) to obtain a stable, model-based policy improvement scheme. However, while
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the barrier objective £.(r) removes the explicit chance constraint, it remains a policy-level functional: the satisfaction
bound on p, () depends on moments of the entire reward distribution induced by 7. This dependence is not additively
separable across states in a trajectory, and therefore £, () does not admit a standard Bellman decomposition.

To obtain a Bellman-style greedy improvement step, we linearize £, with respect to the moments (u;);_, and take a

first-order expansion around the current policy 7, yielding the following practical update rule:

n
oL
dLe ~ ) o duf (13)
= Tk
K1 = 3_.[:5=1_ ¢ dpn () P 8_.£C=_ c apn() ‘o) )
. ouy max(pn(7) —a,0) +¢ ouf ’ ko ouT” max(pa(n) — @, 0) + ¢ ou o T
(14)

The coeflicients k; measure the sensitivity of the barrier objective to changes in the k-th moment. When p, () is less
than or close to @, these weights drive towards changes that increase p, (7).

We then score each state—action choice by its effect on the propagated moments under the current policy . For each
state—action pair (s, a), we define the local one-step propagated k-th raw moment under 7 as the k-th moment of the

cumulative reward obtained by starting in state s, taking action a at t = 0, and thereafter following 7 until absorption:
L _
Qf (s,a) = B|(r(s,a) + R"(X1)* |x0 =5, A = a] = Y P(s' |s,a) ) ( ) r(s,a)* 7 uZ (). (15)
s j=0 J

This leads to the state-wise surrogate (following the first-order approximation d L. ~ Y;'_; kx duf (so)), which scores
each action by its effect on the propagated moments:

n

J(s,0) = )k QF (s ). (16)

k=1
We construct a candidate policy 7’ by choosing, at each state s, an action a that minimizes J (s, a), which guides a greedy
improvement step. This update is consistent with decreasing £, under the local linearization. We then evaluate the

candidate policy using the barrier-augmented objective L. for a best feasible policy that optimizes the objective value.

Main Algorithm. Algorithm 2 summarizes our robust risk-sensitive value iteration method. Given a policy 7, we first
evaluate the moments (u{r ,...,ur) by solving the linear systems on the induced DTMC D7, as introduced in Section 2.3.
We then compute the Cantelli bound p,, () at the initial state to derive the coefficients (1, ..., k,) in the surrogate
objective (16). We compute the propagated moments Q7 (s, @) and the state-action surrogate J (s, a) = Diroy Kk Qg (s,a),
and perform a greedy policy-improvement step 7’(s) «— argmingea(s) J(s,a) (when the goal is to maximize the
expected reward/cost, we can reverse the chance-constraint direction and replace the greedy step by arg max).
After constructing 7', we re-evaluate its moments (uf/, e u,’f'), compute the corresponding Cantelli bound p, ('),
and update the current best policy 7* when the current barrier-augmented objective L. () improves. We also update
the penalty weight based on the constraint satisfaction signal according to

min{fc, cmax}, if pn(7’) <a,

c «— (17)
max{c/f, cmin}, if pn(7’) = a.
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Algorithm 2 Robust Risk-sensitive Value Iteration

Input: MDP M = (S, so, A, P, r), initial policy 7, target (a, 7), penalty weight ¢y > 0, tolerance ¢ > 0, moment order
n>2
Output: Policy 7*

1: Initialize 7 « 7y, ¢ < ¢y

2 (uf,...,u)) < evaluate_moments(r) > via Eq. (2) on D7
3 ¥ — g

4: Compute p, (") from (uf (s0));_, using the n-th order Cantelli bound
5: repeat

6: Compute (1, ..., kn) from (uf (s0))7_;, 7, @, and ¢

7: fors € Sdo

8: for a € A(s) do

9 fork=1,...,ndo

10: Qk(s,a) — Ty P(s' | s,0) X5, (';-) r(s,a) 7 w7 (s’)

11 end for

12: J(s,a) & X ki Qx(s, a)

13: end for

14: 7'(s) « argmingc 45y J(s,a)

15: end for

16: (uf', . ..,u;") «— evaluate_moments(rz’)

17: Compute p,(n’) from (uZ' (s0))_, using the n-th order Cantelli bound
18: if L.(n') < L.(n*) then

19: a* —

20: end if

21: if p,(7’) < a then

22: ¢ — min{fc, cmax}

23: else

24: ¢ « max{c/p, cmin}

25: end if

26 T 1, u,’j«—ul’;'forkzl,...,n

27: until convergence in p, () or &
28: return 7*

This schedule increases the barrier weight whenever the Cantelli bound falls below the target level a, and relaxes
it otherwise, while the bounds prevent ¢ from diverging. In particular, when the constraint is violated, increasing c
prioritizes driving the policy toward the satisfactory region; once the policy enters and remains in the feasible region,
the update reduces ¢, which allows the optimization to focus more on optimizing the expected reward uf/ rather than
aggressively enforcing feasibility. Intuitively, when ¢ approaches zero in Equation (14), the coefficient k; converges to 1,
while all the others converge to 0, driving Algorithm 2 towards optimizing the expected reward.
Each outer iteration requires solving n linear systems of size |S| to evaluate the moments under the current policy, and
performing standard dynamic-programming backups to compute Q. and J. All quantities are obtained analytically from
the model, without maintaining a full cumulative reward distribution over state-action pairs inside the optimization
loop, which allows for tractable practical complexity, as evaluated in Section 5.

Notice that Algorithm 2 does not, in general, guarantee global optimality with respect to the original chance constraint
on the CDF of the reward distribution. Since the Cantelli bound provides only a sufficient condition, the method is
generally conservative (as shown in Section 3.2). Additionally, the greedy nature of the algorithm may, in general,
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converge to a local optimum. Therefore, the objective value returned by the algorithm should be interpreted as the
performance of a feasible policy obtained under a conservative surrogate, rather than as the optimal value of the original
chance-constrained problem. In Section 5, we empirically evaluate this trade-off and show that the resulting policies
achieve strong tail behavior with tractable computational costs.

Soundness considerations. The soundness argument is based on the one-sided nature of the Cantelli bound. For a
fixed policy 7, p, () is a lower bound on the true satisfaction probability Pr(R% < 7 | Xy = o). Therefore, if p, () > «,
then the original chance constraint is guaranteed to hold. Conversely, if p,(7) < «, the policy is not necessarily unsafe
with respect to the true CDF; it is only not certified by the conservative bound. The barrier objective therefore partitions
the policy space into Cantelli-certified feasible policies and uncertified policies. The infeasibility penalty in L. creates
an objective-value separation between these two regions: uncertified policies are assigned a larger surrogate value than
any certified feasible policy under the stated bound on u (so).

We characterize two soundness properties induced by the barrier-augmented objective in detail. Our analysis relies on
an objective-value separation between feasible policies and infeasible policies under the barrier-augmented objective
L., which is enforced by the infeasibility step penalty. As a consequence, provided that a policy satisfying the chance
constraint based on the Cantelli conservative bound exists, (i) any global minimizer of L. over deterministic stationary
policies must be feasible, and (ii) in Algorithm 2, once the policy 7* becomes feasible, the acceptance rule based on L.

prevents it from being replaced by an infeasible policy in subsequent iterations.

Proposition 4.1. Assume0 < u7 (s9) < Rumax for any policy 7, and there exists a feasible policy, then the global minimizer

of L. satisfies the chance constraint.
PRrRoOF. Let F := {x : p,() > a} be the set of feasible policies. By definition, we have
inf L.(7m) > Rypax — cloge > sup L. ()
TEFC 7€eF

therefore arg min, L.(r) € F. O

Proposition 4.2. LetF := {r : p,(m) > a} be the set of feasible policies. Assume0 < uT (s9) < Ruax for every deterministic
stationary policy 7. Define L. as in (12). For Algorithm 2, if there exists an iteration to such that rr;, € F, then n} € F for

all t > t; hence the final synthesized policy is feasible and satisfies chance constraint: Pr (R’TI <7 so) > a.

Proor. For the set of infeasible policies F¢ := {r : p, () < a}, assume 7" € F at some iteration and any infeasible
candidate 7’ € F¢. Then

Lo(r") > inf L.(r) > sup Lo(7) > Lo(n"),
meF¢ 7€eF

Therefore, a feasible policy 7" cannot be replaced by an infeasible policy (line 18 of Algorithm 2), proving the claimed

invariance. m}

Even if intermediate policies oscillate across the boundary due to approximate greedy updates and adaptive change of c,

the returned 7" remains protected by the objective-value separation.

5 Evaluation

We evaluate our chance-constrained policy synthesis method on MDP case studies adapted from PRISM [31], and
compare against standard risk-neutral value iteration and a distributional value iteration baseline [13] in risk-aware

settings. The goal is to assess how our method trades off expected cumulative reward and tail risk while enforcing a
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chance constraint on the cumulative reward to absorption, and to quantify the resulting computational cost relative to
classical value iteration and distributional value-iteration methods. In particular, we report the expected cumulative
reward, tail-risk metrics, chance-constraint satisfaction, and run time across benchmarks, highlighting how our approach
can achieve a favorable robustness—efficiency trade-off without maintaining full cumulative reward distributions during

policy updates. A proof-of-concept implementation is available at https://github.com/xtji/robust-pmc.

Benchmarks. All benchmarks are adapted from PRISM case studies [13, 31, 34] and model stochastic control tasks as
MDPs. We consider (i) Betting Game, where an agent starts with $5 and repeatedly chooses a bet size 0 < A < 5 for
10 stages; each bet wins with probability 0.7, loses with probability 0.25, or hits a jackpot with probability 0.05. The
terminal reward is defined as Vi,ax = 100 minus the final wealth. (ii) Deep Sea Treasure, where a submarine navigates
to collect one treasure within 15 steps: each move succeeds with probability 0.6 and deviates to an adjacent cell with
probability 0.2 (per deviation direction); the reward combines travel cost and an opportunity-cost term Vipax = 800
minus the collected treasure values. (iii) GridWorld, an N X N navigation task with scattered obstacles, where stochastic
actions may fail and lead to unintended neighboring cells. (iv) Future Investor, a continuous-valued reward benchmark
modeling a two-player market-investor interaction, in which the investor chooses a reservation month to maximize the
eventual sale value, while the market evolves stochastically; this continuous-valued reward benchmark is not directly

compatible with histogram-based distributional methods that rely on discretized augmented state spaces [13].

Baselines. We compare our proposed robust risk-sensitive value iteration (robust risk-sens. VI), which optimizes expected
cumulative reward subject to a chance constraint enforced via the Cantelli bound, against two dynamic-programming
baselines: (1) Risk-neutral value iteration (risk-neut. VI), which minimizes the expected cumulative reward using the
standard Bellman operator; (2) Risk-sensitive distributional value iteration (risk-sens. DVI) from [13], which maintains an
explicit approximation of the cumulative reward distribution and optimizes a CVaR,, objective (as defined in Sec. 2.2) via
an augmented MDP and a histogram-based representation. Because this augmented construction relies on a discretized
slack variable, risk-sens. DVI is only applicable to the integer-reward benchmarks and cannot be run on the continuous-
valued Future Investor benchmark. In contrast, robust risk-sens. VI operates on the original MDP state space and
applies to both discrete- and continuous-valued reward settings, optimizing the chance-constrained objective using
finite analytical moments.

Experimental Settings. In our implementation, the linear systems required to compute the analytical moments of
the reward process are solved with NumPy [23]. We evaluate the quality of policies synthesized by risk-neut. VI,
risk-sens. DVI (for the integer-reward benchmarks where it is applicable), and our robust risk-sens. VI on the MDP
benchmarks, comparing optimality, tail-risk metrics, and computational cost. We implement risk-neut. VI following the
standard Bellman optimality formulation. Our Cantelli-based chance-constraint surrogate uses the first n=2 moments.
For risk-sens. DVI [13], we rerun the open-source implementation on GridWorld (N=10). This environment is not
included in the main results table of [13], whereas the remaining environments are reported there. For the ablation
study involving an explicit distributional approximation, we fit Erlang-mixture models via moment matching with a
maximum-entropy regularizer, using SciPy SLSQP [41] and Gurobi [22] for optimization.

For each benchmark, we report the expected cumulative reward E[R7] to capture average performance, the chance-
constraint satisfaction, the conditional value-at-risk CVaR, (RT) at the same risk level &, and the runtime measured
on the same device across methods. The chance constraint corresponds to a VaR/quantile requirement at level « that
controls violation frequency, while CVaRa captures the expected severity of outcomes in the corresponding tail beyond

that quantile. The States column in Table 2 reports the number of states on which each method operates, highlighting the
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Table 2. Performance comparison of runtime, risk metrics, and chance-constraint satisfaction across PRISM benchmarks,
evaluated with respect to the chance constraint Pr(R} < 7) > a.

Model Method States Time (s) E[RT] CVaR,[R}] Satisfaction?
risk-neut. VI 891 0.28 61.92 96.43 no
Betting Game risk-sens. DVI 90,000 36 85.3 92.2 yes
robust risk-sens. VI 891 5.51 70.31 91.94 yes
risk-neut. VI 1,756 5.45 359.3 458.44 no
DS Treasure risk-sens. DVI 120,000 72 370.1 458.6 yes
robust risk-sens. VI 1,756 31.10 379.69 447.11 yes
. risk-neut. VI 396 0.01 25.31 41.32 no
G(rli}i Yf(f)ld risk-sens. DVI 39,600  2.02 28.0 38.32 yes
robust risk-sens. VI 396 0.77 27.08 39.2 yes
. risk-neut. VI 22,500 36.44 402.8 479.4 yes
G(Ir\}dzvg)l)d risk-sens. DVI 23%10° 15051  402.9 478.4 yes
robust risk-sens. VI 22,500  138.17 402.9 478.4 yes
Future Investor risk-neut. VI 12,096 2.11 5.70 3.87 no

(Ronax) risk-sens. DVI - - - - -

robust risk-sens. VI 12,096 8.99 5.56 4.10 yes

overhead introduced by the augmented state space in distributional methods [13]. For comparability, we fix « = 0.7 for

all benchmarks and instantiate the chance constraint Pr(R} < 7) > « using the threshold 7 = Ruin + @ (Rmax — Rmin)-

Main Results. Table 2 summarizes the results of this comparison. Following the PRISM properties in each benchmark,
we minimize the expectation E and CVaR,, in Betting Game, DS Treasure, and GridWorld, and maximize them in
Future Investor. In all these environments, risk-neut. VI attains the best expected reward, while exhibiting the worst
tail behavior (CVaR,, and constraint violation). The risk-sens. DVI method moves along the risk-return trade-off: it
reduces CVaR, compared to risk-neut. VI at the price of more conservative expected reward, moreover, it requires an
augmented MDP that is one to two orders of magnitude larger (e.g. 90,000 vs. 891 states for the Betting Game, and
120,000 vs. 1,756 for DS Treasure), resulting in substantially higher computational times.

Our robust risk-sensitive VI method consistently improves tail-risk over risk-neut. VI while operating on the original
MDP state space. On all benchmarks where risk-sens. DVI is applicable, robust risk-sensitive VI achieves the best or
comparable CVaR, (e.g. 91.94 vs. 92.20 on Betting Game and 447.11 vs. 458.60 on DS Treasure), often with a smaller or
comparable expected cost than risk-sens. DVI, and with markedly lower runtime. In the Gridworld (N = 10) benchmark,
robust risk-sensitive VI reduces CVaR,, from 41.32 (risk-neut. VI) to 39.2 while keeping the expected reward close to that
of risk-neut. VI and remaining faster than risk-sens. DVI. On the Future Investor model, the continuous-valued reward
setting is infeasible in risk-sens. DVI, whereas robust risk-sensitive VI still runs on the original MDP and improves
lower-tailCVaR, over the risk-neutral baseline from 3.87 to 4.10. These results support our claim that Cantelli-based
policy synthesis offers a practical and efficient alternative for risk-aware control, providing strong tail-risk mitigation
without the state-space blowup of distributional CVaR optimization.

Computational Complexity. We compare the per-iteration costs of the baselines and our method. Let N be the
number of states and A the maximum number of actions per state. Risk-neut. VI performs Bellman updates on the
original MDP, with worst-case cost O(N?A) when each action can transition to all states. Risk-sens. DVI [13] augments
each state with a discretized slack variable b for the risk objective. If b has B grid points, the state space grows from
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N to NB. Since DVI also stores and updates a reward distribution with m bins or atoms at each augmented state,
and assuming that the distributional projection is linear in m, a simplified worst-case cost is O(mBN?A). In practice,
B and m are often in the tens to hundreds [13]. Our method does not introduce state augmentation or propagate
full reward distributions: for a fixed policy, it computes n analytical moments on the induced DTMC and performs
moment-based updates on the original MDP state space, with cost O(n Solve(N) + n2N?A), where Solve(N) denotes
the cost of solving one linear system on the N-state induced DTMC. In our main experiments, we use n = 2, and
moment-based approximation methods generally use only a small finite number of moments because reconstruction
from high-order moments becomes increasingly ill-conditioned [27]. Therefore, the observed speedup in Table 2 mainly
comes from avoiding the augmented state space and full discretized reward distributions, with n much smaller than B

and m, rather than from a different asymptotic dependence on N and A.

Ablation Study. The central motivation for our Cantelli-based surrogate objective is computational: enforcing chance
constraints or optimizing risk measures using full reward distributions requires maintaining and updating a distribution
at each state, which is expensive in both memory and runtime (e.g., histogram-based approximations, kernel density
estimators, or Erlang mixtures). In contrast, the Cantelli bound leverages analytically computed moments to provide
a fast and conservative estimate of tail risk, enabling efficient robust policy optimization. At the same time, Erlang
mixtures can yield a more accurate distributional representation than histograms, especially for capturing tail behavior
and multi-modality in both discrete and continuous reward settings; see the detailed discussion and experiments in [26].

We conduct two ablations to disentangle (i) conservatism and (ii) distributional approximation accuracy from
computational cost in our robust policy optimization method based on the Cantelli bound. In the first ablation, we
evaluate whether the Cantelli bound is overly conservative and how this conservatism affects synthesized policies.
In the second ablation, we evaluate the accuracy—efficiency trade-off of full-distribution methods by replacing the
histogram representation in distributional value iteration with an Erlang-mixture approximation, to test whether a
better distributional approximation improves performance and at what computational cost. Overall, these ablations
highlight the intended trade-off: Cantelli-based synthesis is efficient and robust, while full-distribution approaches
(histogram or Erlang) are substantially slower but may sometimes result in better policies when a more accurate
approximation matters.

For the first ablation, we compare chance-constraint predictions from: (i) robust risk-sensitive value iteration using
the Cantelli bound (first two moments), (ii) the same method but replacing the Cantelli-based chance-constraint check
with an Erlang-mixture approximation (three mixture components, matching the first two moments; see [26] for
the relationship between the number of mixture components, the number of matched moments, and approximation
accuracy), and (iii) empirical Monte Carlo estimation. Fig. 6 (left) reports results on GridWorld with N=10 over a grid
of (o, 7) values. Each cell is categorized by whether the synthesized policy satisfies the chance constraint under the
three estimation methods. The red region indicates that all three estimators agree that the chance constraint is satisfied.
The orange region indicates cases where Monte Carlo and the Erlang approximation both indicate satisfaction, but the
Cantelli bound predicts a violation, suggesting that Cantelli is overly conservative. The light-peach region indicates
cases where only Monte Carlo suggests satisfaction, i.e., the Erlang approximation is also conservative there. The
blue region corresponds to settings where all three estimators agree that the chance constraint is violated. Overall,
Cantelli matches the Erlang and Monte Carlo outcomes in the red and blue regions, and differs primarily in the orange
region where the Erlang approximation supports more aggressive policies while still satisfying the constraint under

Monte Carlo. Fig. 6 (right) reports average runtime across methods (notice the y-axis in log scale): Cantelli-based
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Fig. 6. Comparison of chance-constraint satisfaction and runtime for GridWorld (N = 10) over different («, 7) settings. The
left panel shows whether the constraint is satisfied according to Cantelli, Erlang-mixture, and empirical evaluation, while the
right panel reports the computational time. Cantelli-based synthesis provides conservative certificates and is substantially
faster than full-distribution variants.

evaluation is faster than Erlang-mixture evaluation, while the risk-sensitive DVI baseline is substantially slower due to
the augmented state space and the histogram representation. These results support our design choice: Cantelli-based
chance-constrained synthesis provides a favorable accuracy-efficiency trade-off for risk-aware planning.

For the second ablation, we compare our method against full-distribution optimization approaches that maintain
a cumulative return distribution at each state (histogram-based DVI and Erlang-mixture DVI) and optimize a risk
measure such as CVaR. Specifically, we compare robust risk-sensitive value iteration based on the Cantelli bound with
a risk-sensitive DVI variant that replaces the histogram approximation with an Erlang-mixture approximation, and
the original risk-sensitive DVI method based on a histogram approximation, on small benchmarks (Betting Game
and GridWorld (N=10)). Table 3 shows that the Erlang-based DVI variant can provide a more accurate distributional
representation than histograms and can improve CVaR or expected return in some settings. However, the per-state
Erlang-mixture optimization remains costly. In contrast, the Cantelli bound provides a fast, distribution-free method
with conservative guarantees. Although it can be conservative, this conservatism aligns with the goals of robust
probabilistic model checking and safe policy synthesis. We leave further acceleration of distributional Erlang-mixture
methods (e.g., via fast polynomial approximations) to future work.
Summary. Across the evaluated benchmarks, we observe several consistent patterns: Risk-neut. VI achieves the
best expected reward in most benchmarks, but fails the chance constraint in most cases. Risk-sens. DVI satisfies the
constraint on the discrete reward benchmarks, but it requires a substantially larger augmented state space and cannot
be applied to the benchmark with continuous reward domain. In contrast, our method satisfies the chance constraint in
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Table 3. Ablation comparison of robust risk-sens. VI (Cantelli), risk-sens. DVI (Histogram), and risk-sens. DVI (Erlang) in
terms of policy quality, risk metrics, and runtime.

Model Method States Time(s) E[RT] CVaR,[R7] Satisfaction?
robust risk-sens. VI 891 5.51 70.31 91.94 yes
Betting Game  risk-sens. DVI 90,000 36 85.3 92.2 yes
Erlang risk-sens. DVI 891 96.02 70.27 92.2 yes
. robust risk-sens. VI 396 0.77 27.08 39.2 yes
C;gdy;’g;d risk-sens. DVI 39,600 202 280 38.32 yes
Erlang risk-sens. DVI 396 18.65 27.59 36.44 yes

all benchmarks while using the original MDP state space. The ablation further confirms that the Cantelli certificate
is conservative: for some (e, 7) settings, Monte Carlo simulation or the Erlang-mixture CDF estimates the policy as
satisfying the constraint, whereas the Cantelli bound does not certify it. The second ablation shows that Erlang mixtures
can sharpen some distributional estimates compared with histograms, but fitting a mixture at each state substantially
increases runtime. These results clarify the role of the moment-based Cantelli surrogate: it provides a conservative
certificate using only a small number of analytical moments, avoids propagating full reward distributions during policy

updates, and remains applicable without extra discretization in reward domains.

6 Related Work

Moment Matching Approximation. Moment matching is a classical approach for approximating an unknown
distribution from a finite number of moments [27, 36]. A key design choice is the family of approximants used to
represent the density, as the achievable accuracy depends on how well that family captures the true shape. Prior work has
studied flexible nonparametric estimators (e.g., kernel-based reconstructions) as well as structured parametric families
such as Erlang mixtures [19, 24, 28]. In the context of Markov decision processes, Dolgov and Durfee [12] propose a
moment-based construction for approximate probabilistic constraints and risk-sensitive criteria by augmenting an LP
formulation to compute higher-order moments of total rewards. In our work, we employ Erlang mixtures not only for
their approximation power on [0, +c0), but also because of their close connection to Markovian reward accumulation,

enabling smooth distributional reconstructions from analytically computed moments.

Robust Model Checking. Robustness is one of the most important concerns in model checking methods. Some
simulation-based approaches provide probabilistic bounds with confidence guarantees of model correctness [25, 37].
There are also several methods that provide evaluation beyond expected value with distributional information, including
quantile-based methods [2] and histogram approximation [13], but these may suffer from discretization errors and
information loss due to coarse binning. In contrast, our approach provides smoother approximation while avoiding

discretization errors and offering guaranteed accuracy in both discrete-valued and continuous-valued domains.

Distributional Reinforcement Learning. Recent work in distributional reinforcement learning has focused on
estimating the full cumulative reward distribution instead of just its expectation. Categorical histogram approximation
has been proposed in [5] to compute cumulative reward distributions using discrete bins, optimizing the Wasserstein
distance between estimated and target distributions. Extensions of this work, such as quantile regression (QR-DQN) [11]
and implicit quantile networks (IQN) [10], improve on this by learning the quantile-based approximation, offering
greater flexibility and risk-sensitive policies. Our method can be further extended to the RL domain, providing more
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precise estimation and greater flexibility in continuous-valued reward environments than histogram methods, while

offering robust verification to guide distributional policy iteration.

7 Conclusion

Building upon the framework in [26], we present a distributional framework for probabilistic model checking and
control under chance constraints in discrete Markov models with both discrete-valued and continuous-valued rewards.
We showed how to compute analytical moments of the cumulative reward to absorption via first-step analysis and
MGF-based recurrences, and how to use these moments in two complementary verification modes that enable users
to trade off speed and conservatism: (i) a fast, conservative sufficient check based on Cantelli-type inequalities that
requires no distributional fitting, and (ii) a more accurate evaluation obtained by reconstructing a smooth approximation
of the cumulative reward distribution via Erlang-mixture moment matching with entropy regularization. This dual
approach avoids the discretization artifacts of histogram-based methods while supporting continuous-valued rewards
without binning and retaining a principled, moment-driven mechanism for controlling approximation error.

We then moved from verification to control and introduced a robust chance-constrained policy synthesis method
for MDPs. Instead of propagating full cumulative reward distributions during dynamic-programming updates, we
embedded a Cantelli-certified satisfaction bound into a smooth penalty and derived a value-iteration procedure that
trades off expected performance against higher-order moment penalties. The resulting algorithm is fully analytical,
uses only a finite number of moments computed from linear systems on induced DTMCs, and provides conservative
guarantees for the original chance constraint whenever the Cantelli bound certifies feasibility. We established soundness
properties for Cantelli-based feasibility certification and showed that the Erlang mixture can approximate any positive
distribution arbitrarily well with sufficient moments.

Our empirical evaluation on PRISM benchmarks demonstrates that the Erlang mixture approximation achieves
higher accuracy than histogram methods, while the Cantelli-based value iteration achieves comparable risk-sensitive
performance to distributional baselines without the state-space augmentation overhead (up to 100X reduction in state
space).

While Cantelli bounds are conservative by design, which can be beneficial in risk-sensitive settings, they may
also be loose and thus overly restrictive. An important direction for future work is to develop less conservative
policy-improvement methods that propagate compact distributional representations (e.g., Erlang mixtures or other
parametric families) while retaining verification-oriented guarantees. We also plan to extend this framework to model-
free reinforcement learning settings where the transition dynamics are unknown, developing sample-based methods

for estimating analytical moments and chance-constrained policy gradient algorithms with distributional guarantees.
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