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Safe exploration in reinforcement learning remains a critical challenge for safety-critical autonomous systems, where the typical
trial-and-error learning process can lead to hazardous outcomes. While several existing approaches incorporate kinematic models
or external knowledge to limit the exploration of unsafe behaviors, their effectiveness is significantly weakened in the presence of
incomplete or sparse knowledge. This paper introduces a counterexample-guided reinforcement learning method that navigates safe
exploration in autonomous systems without prior knowledge, even when safety and optimality conflict. Our method geometrically
abstracts discrete and continuous state-space systems into compact, PAC-learnable models that capture safety-relevant information.
We then generate probabilistic counterexamples of the safety requirement to regulate online exploration toward minimizing safety
violations, relying on minimal offline counterexample-guided simulations. We further propose a novel belief-based regularization
method to address the distributional shift between online and offline learning and to balance optimization and safety, ensuring
conservative behavior with theoretical guarantees. Our evaluations demonstrate the effectiveness of the method in significantly
reducing safety violations without compromising cumulative rewards when benchmarked against other Q-learning or actor-critic

methods with unconstrained or safety-constrained exploration.
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1 INTRODUCTION

Reinforcement Learning (RL) has emerged as a powerful paradigm for solving complex decision-making problems
across diverse domains [8, 62, 72]. However, its deployment in real-world autonomous systems is constrained by the
inherent lack of safety guarantees during learning [16]. At its core, RL operates through a trial-and-error process to
systematically traverse the decision space and iteratively refines strategies in response to received rewards. While this
process enables effective experiential learning, it simultaneously opens the door to potentially unsafe behaviors, posing
severe consequences in safety-critical systems.

In response to these safety concerns, a diverse range of safe learning methods have been developed, integrating the
robustness of model-driven approaches with the adaptability of data-driven strategies to encourage safer learning [23, 37].

These methods often involve analyzing the kinematic model of the learning system and then refining decision strategies
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2 Ji and Filieri

for safe exploration [2, 22, 56] or optimization under hard or soft safety constraints [1, 66, 68]. However, many state-
of-the-art methods are limited in their applicability to systems with partially known or unknown dynamics, where
insufficient information is available to characterize unsafe states or events a priori.

In [36], we proposed the integration of probabilistic model checking and reinforcement learning by automatically
constructing probabilistic counterexamples to a safety requirement and employing these counterexamples as offline
counterexample simulations to guide online exploration toward minimizing risky behaviors in a safer manner. A
safety-relevant abstraction method provides the probabilistic model checker with a succinct surrogate model, iteratively
refined during exploration, enabling scalable counterexample generation to support safer learning in systems without
prior knowledge. The foundational framework in [36] produces a safer Q-learning method under counterexample
guidance: when safety violations occur with unacceptable frequency during online exploration, controlled and small-
scale counterexample simulations are generated to refine the Q-value estimation offline, thus reducing the recurrence
of similar safety violations during subsequent online exploration. However, when no safe optimal policy exists, i.e., for
a given reward scheme the agent is incentivized to pursue unsafe behaviors to maximize its average reward, offline
training simulations focused only on avoiding unsafe behaviors as described in [36] may introduce oscillation in the
learning process, where alternating online and offline phases pursue conflicting goals.

To address this potential limitation, in this paper, we extend [36] to introduce a novel belief-based regularization
technique that manages the distribution shift between online and offline learning when the safety and optimization goals
cannot be simultaneously satisfied. In particular, we extend and complement the foundation in [36] with a regularization
strategy that shapes the reward the agent receives during online learning. This is achieved by penalizing actions that
were discouraged during counterexample-guided offline learning phases. The proposed regularization helps prevent
oscillatory behavior and can be tuned to reflect the agent’s tolerance for risk during exploration while providing a
theoretical guarantee for achieving a lower bound on the original value function. The resulting algorithm ensures
conservative and robust learning performance, promoting safer exploration, and can be integrated into various state-of-
the-art RL algorithms. In our implementation, we adapt it for both Q-learning and actor-critic methods, demonstrating
the broad applicability of counterexample-guided learning.

Building on the abstraction and counterexample generation strategies from [36], our main contributions include:

o A regularized counterexample-guided learning approach that mitigates safety violations during online exploration
through the deployment of small-scale offline counterexample simulations and belief-based regularization,
resulting in a conservative performance with theoretical convergence guarantees under mild assumptions.

e Empirical evaluations demonstrating an average improvement of 25% in safety performance over Q-learning
and actor-critic baselines across both discrete and continuous environments. In Q-learning, counterexample
guidance directly influences Q-value estimation to reduce the likelihood of visiting unsafe states. In actor-critic

methods, the guidance is incorporated more smoothly through the critic, enabling safer policy synthesis.

The rest of this paper is organized as follows: Sec. 2 provides foundational background information and preliminary
definitions in the domain of RL and probabilistic model checking; Sec. 3 recalls our proposed abstraction strategy
from [36], the foundational framework of counterexample-guided learning, and introduces the enhanced regularized and
robust counterexample-guided learning algorithm; Sec. 4 presents our evaluation results, showcasing its effectiveness
in Q-learning [74], DON [51], and PPO [59], and in comparison with related safe RL methods [31, 48]; related work in
the realm of safe online exploration and safe offline learning is discussed in Sec. 5; finally, Sec. 6 concludes the paper,
summarizing our contributions and sketching potential future directions.
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2 BACKGROUND
2.1 Problem Framework

Definition 2.1 (Markov Decision Process (MDP)). is defined as a tuple M = (S, A, s, P, R, L), where:

o S denotes the state space,

o A represents the finite set of actions,

e 5y € S is the initial state,

e P:SXAXS — [0,1],such that Vs € S,a € A. ' P(s,a,s") = 1, is the transition probability function,
e R:S XA — Ry is the reward function,

o L:S — 247 is the labeling function, assigning atomic propositions (AP) to each state.

A state s € S is represented as an ng-dimensional vector, where ng > 1. The state space is categorized as discrete if S is
countable and typically represented as S C Z"S, continuous if S C R"S, and hybrid if it encompasses both discrete and

continuous elements. For brevity, we omit ng when it is clear from the context.

Definition 2.2 (Trajectory). A finite trajectory through an MDP is defined as a finite sequence o = {so, ao, - - - i, i, - - - Sn }»

where sy is the initial state and P(s;, a;, si+1) > 0 for all i.

Definition 2.3 (Policy). A policy 7 : S X A — [0, 1] is a probability distribution over actions a € A in each state s € S.

For a deterministic policy, 7(als) = 1 for a specific action a and 7 (a’|s) = 0 for all a’ # a.

The performance of the policy « is evaluated using value functions that summarize the long-term consequences of deci-
sions taken by an agent. The state value function V” (s) measures the expected cumulative reward starting from state and
following policy 7: V™ (s) = E, [Z?:o Y rt+1|so = s]. The state-action value function Q” (s, a), the Q-function, is defined
as the expected return starting from state s taking action a following policy 7: Q” (s, a) = E, [Z‘;‘;O Y |so =s,a9 = a].
RL Algorithms aim to learn optimal decision-making policies by estimating value functions to maximize accumulated
rewards. These methods can be classified into online RL, which involves direct interaction with the environment to
capture real-time changes and feedback, and offline RL [44], which, for the sake of this work, leverages prior experiences
to reinforce avoiding risky behavior in subsequent interactions with the real world. This work integrates the strengths
of both approaches.

Q-learning (QL) [74], is a model-free RL method that optimizes the decision-making process by estimating the Q-value
function Q. The Q-value function is updated by iteratively applying the Bellman operator BQ(s,a) = E[R(s,a)+
ymaxyea Q(s’, a’)], that guarantees convergence to the optimal Q-value function Q* at the fixed point of BQ, assuming
each state-action pair is visited infinitely often. In practice, the direct application of QL is limited in the continuous
domain, where the states are not enumerable. To address this limitation, Deep Q-Learning (DQL) methods introduce a
parameterized Q-function Q(s, a; 6), where 6 denotes the weights of a neural network used to approximate the Q function.
DQL adapts the QL algorithm to apply the Bellman update rule on samples of experience collected at each iteration i to
approximate the Q-value by minimizing the loss function [51]: L;(6;) = Esqrs'~D [(BQ(S, a;0;—1) — Q(s, a; Qi))z].
Actor-Critic Methods [38] employ two parameterized networks: the critic network, which approximates the Q-value
functions Q(s, a; 0) or the value function V (s; 0); and the actor network, which models the policy 7 (als; ¢) to maximize
the expected return based on the critic’s feedback (6 and ¢ being the parameters of the respective networks). The
critic network approximates the Q-value function Q(s, a; 6) under the Bellman operator coupled with the policy B”
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4 Ji and Filieri

by minimizing the loss function: L;(6;) = Esq,s~D [(B”Q(s, a;0i_1) — Q(s, q; Gi))z], aiming to reduce the temporal
difference error by aligning with the Bellman principle.

To improve the stability and efficiency of policy updates, many actor-critic methods, including Proximal Policy Op-
timization (PPO) [59], employ the advantage function A(s,a) = Q(s,a) — V(s) to reduce variance. PPO optimizes
a clipped surrogate objective defined as LY (¢) = B 4p [min (r($)A(s, a), clip (r(¢),1— €, 1 + €) A(s, a))], where
r(¢) = % is the probability ratio between the updated and old policies, and € is a small positive hyperparameter
that controls the extent of clipping.

From the safety perspective, this dual-network structure facilitates the direct synthesis of safer policies through a
potential safety critic [65], avoiding extensively evaluating the value function for unsafe states and actions.
Regularization and Offline Learning. Offline and hybrid (combination of online and offline) RL algorithms often
suffer from distribution shifts due to the lack of interaction with the environment during offline training phases.
Regularization is commonly employed to address this problem and stabilize the learning process [18]. The regularized
loss function is defined as L;(6;) = Esqrs~0 [(BQ(s, a;0i_1) — O(s, a;0:))? + Lreg(s, a, Qi)], where the regularization
function Ly is introduced to adjust the learned Q function approximation by penalizing or rewarding the loss function
used to learn it. Regularization functions can take different shapes depending on their intended effect on the learning
process; for example, they can be used to learn more conservative strategies by penalizing choices with more uncertain
outcomes, or to achieve smoother and more robust learning by penalizing large changes in the parameters 6 during

each iteration. In this work, we will aim to construct a regularization function to reconcile conflicting goals between

online and offline learning experiences.

2.2 Probabilistic Model Checking and Counterexamples

Probabilistic model checking is a formal verification method to reason about stochastic systems. Given an MDP M and
a property expressed in a convenient probabilistic temporal logic, probabilistic model checking can verify whether
the model satisfies the property [3]. We assume Probabilistic Computational Temporal Logic (PCTL) [27] to specify

probabilistic requirements for safety in this work. The syntax of PCTL is recursively defined as follows:

O:=true | a | PAD| D | Popo (1)
¢ =X | DUD )]
® represents a state formula, determining the satisfaction of the property in each state of the model. The semantics
of a PCTL property is summarized as follows: true is a tautology satisfied in every state; « € AP stands for atomic
propositions, satisfied in any state labeled with a; A and — are the Boolean operators for conjunction and negation,
respectively; the modal operator P..;,¢ holds in a state s if, under any possible policy, the cumulative probability of all
paths initiating in s and satisfying the path formula ¢ fulfills the relation >« p. The Next operator X® is satisfied if ®
holds in the next state along a path. The Until operator ®;U®; is satisfied by a path originating in s if there exists a time
step k > 0 such that the state s’ reached after k steps satisfies ®; and Vj < k, the states visited at step j satisfy ®;. The
formula true U @ is commonly abbreviated as F® and satisfied by any path that eventually reaches a state satisfying ®.
M satisfies a PCTL property @ if ® holds in the initial state s, [3].
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PCTL allows specifying diverse safety requirements. In this study, we focus on a general safety requirement specified

as the upper bound on the probability of eventually reaching a state labeled as unsafe’:

Definition 2.4 (Safety Requirement). The safety requirement for a learning system is formalized by the PCTL property
P.; [F unsafe], indicating the maximum probability of reaching any state {s € S | unsafe € L(s)} must be less than
or equal to the given safety threshold A € (0, 1].

In the context of probabilistic model checking, counterexamples serve as evidence of property violation when a model
M fails to satisfy a PCTL property [26]. We adapt the minimal critical label set method in [75], which formalizes the
counterexample generation process as a Mixed-Integer Linear Programming (MILP) problem, to provide crucial insights

when discrepancies arise between autonomous system behaviors and the specified safety requirement.

Definition 2.5 (Counterexamples of the Safety Requirement). Let £ be the set of transition labels in the (finite-state)
MDP model M, x; € {0, 1} be the binary decision variable indicating whether label ¢ is selected, each label ¢ is assigned
a non-negative weight w(¢) € Ry, and wpin = min{w(¢) | £ € L A w(f) > 0} denotes the smallest strictly positive
label weight. A minimal counterexample is a sub-model Mcex = (Scex; Acexs S0, P, R, L) derived from M, encompassing
subsets Scex C S and Acex C A of the original decision space, containing violating behaviors of the safety requirement

P, [F unsafe] initiating from sy given in the solution set x, of the following MILP (adapted from [75]):

1
minimize — Ewminpso + Z w(f)x,, such that

te L
Psy > A 3)
VseSy. ps =1 4
Vs e S\ Sy. Z Tsa <1 ©)
acA(s)
VseS\Su. ps< ). Ta )
acA(s)
Vs € S\ Sy, Ya € A(s), Vs’ € Ss.t. P(s,a,s") >0, VL € L(s,a). psasy < X¢ 7)
Vs € S\ Su, Ya € A(s), Vs € Ss.t. P(s,a,5") > 0. psas < P(s,a,s") - py (8)
Vs €S\ Sy, Va € A(s). ps<(1-7sa) + D Peay 9)
s’:P(s,a,s")>0
V(s,a) € PITDrOb. Tsa = Z Xp (10)
te L(s,a)
Y(s,a) € PITDrOb, Vs" : P(s,a,s") >0, V¢ € L(s,a). rs <rg +(1—x;) (11)

where Sy is the set of states labeled as unsafe, p; represents the probability of reaching any state in Sy from state s,
7sq € {0,1} indicates that action a is selected in state s, £ € L(s, a) is the label identifying a transition from s to s’
via action a (not to be confused with the function L labeling states of the model) such that x, = 1 iff the transition
is included in the counterexample, x, = 0 otherwise, and P;” ob represents the set of problematic state-action pairs if
the minimal probability of reaching the target state is zero and the maximal probability of reaching the target state is
non-zero from these state-action pairs.

Notice that while we focus for simplicity on reachability properties, the broader w-regular fragment of PCTL can be reduced to reachability properties [3,
Chapter 10.3], allowing safety specifications beyond the simple reachability of unsafe states with the same procedures presented in this paper.
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6 Ji and Filieri

Intuitively, this optimization problem aims to find the smallest counterexample sub-model, composed of all the transitions
(s, a,s") from the original model whose corresponding x; is 1, that will make the agent violate the safety specification.
The decision variables are x, € {0,1}, 75, € {0,1}, ps € [0,1], psas € [0,1], and ¢ € R; all other quantities (e.g.
the transition probabilities P(s, a,s’) and label sets L) are constants derived from the given MDP M. To this goal,
Eq. 3 requires the probability of reaching an unsafe state from the initial state sy to be > A (violation of the safety
specification); Eq. 4 fixes ps = 1 for all the unsafe states; Eq. 5 imposes the agent to select at most one action a for
each state s; if no action is chosen in a state s, Eq. 6 ensures that p; = 0. Other constraints for ensuring the minimal
size and preventing deadlock loops are also defined [75]. Eq. 7 ensures that the contribution of the transition (s, a, s”)
is 0 if such transition is not included in the counterexample, otherwise, Eq. 8, ps s is bounded by the probability
of the corresponding transitions in the model — P(s, a,s”)) times the probability of reaching the target from s’ py.
Eq. 9 ensures that if action a is selected in state s, the probability of reaching Sy from s is bounded by the sum of
the probabilities of reaching Sy from its successors given a. Finally, Eq. 10 and 11 prevent the scheduler from staying
within the problematic region P;“’b: Eq. 10 ensures that whenever a problematic state-action label is selected, at least
one successor transition is activated as a progress step; Eq. 11 assigns ranks rg to problematic states and enforces that
these ranks strictly increase along such progress steps, this eliminates cycles within the problematic region and thereby
guarantees eventual reachability of an unproblematic state [75].

Generating Multiple Counterexamples. An MDP M that does not satisfy the safety requirement may have multiple
counterexamples, either minimal or non-minimal in size (i.e., in number of states). Each of these can highlight different
strategies leading to safety violations [71]. In this paper, we aim at generating multiple counterexamples, if they
exist, in order to penalize any strategy that leads to requirements violations, while ensuring each counterexample
remains compact to expedite the training process. Given a solution of the MILP (Def. 2.5), we can derive additional
counterexamples by incorporating a blocking clause x, = 0 into the problem constraints, compelling the optimizer
to exclude one or more previously selected action pairs. This results in a systematic method to generate a variety of
diverse counterexamples with an increasing number of blocking clauses, offering a more comprehensive representation

of the different violating behaviors the agent may explore over time.

3 SAFE REINFORCEMENT LEARNING WITH REGULARIZED COUNTEREXAMPLE GUIDANCE

We propose a safe reinforcement learning method under regularized counterexample guidance to regulate exploration
with minimal risky behaviors, requiring no prior knowledge of the environment. This method operates through an
iterative online-offline learning process, enabling the agent to bootstrap acquired safety-relevant knowledge with
offline counterexample simulations and mitigate risky behaviors within online concrete environments. We begin
by recalling from [36] an incremental abstraction method that preserves the safety-relevant information about the
explored environment (Sec. 3.1), as well as the original counterexample-guided offline learning procedure (Sec. 3.2),
demonstrating how it may introduce oscillations when safety and reward maximization conflict.

Finally, in Sec. 3.3, we introduce a framework for online-offline learning that extends the applicability of the approach
to both Q-learning and actor-critic methods. In Sec. 3.4, we discuss the limitations of [36] and other safe learning
methods that assume the existence of a safe-optimal policy. We then present a novel regularization technique designed
to prevent oscillatory behavior arising from conflicting objectives between safety and optimization with a theoretical

guarantee of conservative learning performance, serving as a lower bound on the original value function in Sec. 3.5.
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Safe Reinforcement Learning under Regularized Probabilistic Counterexample Guidance 7

3.1 Safety-relevant State-space Abstraction

We restate the abstraction procedure to construct a finite abstract MDP that retains sufficient safety-relevant information
from the currently explored concrete MDP M, as originally introduced in [36]. With the absence of prior knowledge
about the environment, we formalize each online (episode) as a sequence of explored states and actions, and refer
to the states in the online environment as concrete states s € S. Each state s is assigned a set of labels, representing
properties related to the learning objective. Specifically, the unsafe label identifies the states associated with unsafe
behaviors that terminate this episode with a failure signal. Any concrete states of the online environment that are
not yet labeled as unsafe are assumed safe to explore. This unsafe label is time-invariant, i.e., a state recognized as
unsafe is assumed to remain dangerous to visit through the proceeding of the learning process. In particular, this entails
that, before exploring any concrete state for the first time, the agent assumes it to be safe — unless the user provided
initial knowledge — and as soon as a new concrete state is explored and identified as unsafe, the abstraction is updated
accordingly. The purpose of the abstraction is to incrementally record and refine the explored concrete state space
while conservatively maintaining safety-relevant information.

Consider the aim of safe exploration, the abstraction must maintain a safety invariant: every explored unsafe concrete
state should be mapped to an unsafe abstract state. This requires that the finite abstract state space must distinctly separate
safe and unsafe regions of the concrete space, and, conservatively, only safe states may be inaccurately classified as
unsafe, not vice versa. Inspired by [10, 60] that cast geometric learning concepts as a set cover problem, our abstraction
approach frames the geometric separation task of safe and unsafe states as a minimal red-blue set cover problem. This

yields a family of geometric predicates whose boundaries induce a finite partition of S into disjoint abstract regions.

Definition 3.1 (Safety-relevant Abstract MDP). The abstract MDP is a tuple M, = (Sg, Ag, Sa0, Ras Pa, Lg) with an
abstraction map « : S — S,, where S, is a finite set of abstract states forming a partition of the concrete state
space S, i.e., Us,es, Sa = S and Vs, # s;, sq N's; = 0, A, is the set of applicable actions, sq0 = @(so) is the initial
abstract state, P, : S; X Ay X S; — [0, 1] is the abstract transition function, R, is the abstract reward function, and

L, : Sq — {safe,unsafe} is an abstract labeling function.

The abstract model M, is constructed from online episodes by mapping each concrete transition (s, ar, S¢+1) to an
abstract transition (a(s;), as, a(s;+1)) and computing P, from the corresponding empirical frequencies: for each abstract
state—action pair (s, a), we count observed abstract transitions (sg, a, s,) induced by the mapping « and set P, (sg, a, s3,)
to the normalized count over all successors s, so that . Pa(se, a, 5;) = 1 whenever (sq, a) is observed. The labeling
function L, is constructed to preserve the safety invariant. Initially, the entire state space S, is assumed safe to explore.
As exploration proceeds, « is incrementally refined to incorporate newly discovered unsafe states and preserve the safety
invariant. To instantiate the abstract partition and the map a from explored data, we learn a set of geometric predicates
C = {C;} that conservatively captures the explored unsafe region via a minimal red-blue set cover formulation. We

then derive S, and « from the predicate boundaries, as described below.

Definition 3.2 (Minimal Red-Blue Set Cover Problem). Let S C S = {sy,s;,...,sy} be the set of all explored concrete
states and Sy € S = {s¢,51,--.,5m} be the set of explored states assigned the unsafe label. Find a minimal predicates
set C = {Cy,...,Ck} such that every element s € Sy is covered by some predicate C; = {s | ws +b < 0}, where w is
the vector of slopes and b is the vector of biases corresponding to half-spaces enclosing the predicate, with an overall

false positive rate f < f € (0,1] for safe concrete states (s € S\ Sy) covered by Uf:l Ci.
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Remark 3.1. The general affine form of the predicate C; accommodates various common numerical abstract domains,
including boxes (intervals), octagons, zonotopes, or polyhedra. We fix v = 1 to constrain the abstract domains to
hyper-boxes in this work, each box with a minimum size d > 0, ensuring no dimension of the box is reduced to a length
smaller than d. This specification coarsens the abstract domain and balances the trade-off between computational
efficiency and the precision of the abstraction, and it showed promising results in our experiments (see Sec. 4 for
additional discussion). The false positive rate threshold f cannot be zero in general, since the concrete state space
(whether discrete or continuous) may not be perfectly partitioned by a finite set of polyhedra predicates. Lower values
of f possibly result in more predicates in |C|. These parameter restrictions are adaptable for different applications,

allowing recalibration of the trade-off, as discussed in [63].

This set-cover optimization problem can be solved by employing a branch and bound method [42] to systematically
enumerate possible combinations of predicates and induce a solution set C with coverage of all unsafe concrete states
by a Boolean combination of predicates with a maximum tolerable false positive rate (i.e., safe states misclassified
as unsafe) f. At each branch point separating an unsafe region from a safe one, the points laying on the separating
hyperplane are conservatively included within the unsafe regions (<). For hyperplanes separating two safe regions or
two unsafe regions, the algorithm arbitrarily assigns the points along the hyperplane to either of the regions, inducing
a partition of the concrete state space. The solution is incrementally updated as the exploration progresses to store the
acquired knowledge and ensure that the safety invariant is consistently maintained throughout the exploration.

As safety-relevant information is acquired incrementally during exploration and given that the state space to be
explored could be extremely large or infinite, there are potential computational challenges posed by the incremental
branch-and-bound refinement, which may result in excessive fragmentation of the abstract state space. To mitigate
this issue, we further adapt the concept of probabilistic approximate e—simulation [14] to merge adjacent states (states

sharing at least one separating hyperplane) within the abstract state space S,:

Definition 3.3 (Adjacent e-simulation). Adjacent statess € S, and s’ € S, are e-similar if |P, (s, a, 51) — Po(s’,a,51)| < €
for all s; € S; and for all a € A,, where € € [0, 1] is a tolerance parameter and S; is the partitions of S, induced by the

equivalence relation s ~ s” iff Ly (s) = Ly(s").

This simulation induces a hierarchical merging scheme. The initial level [, comprises the initial abstract states, partition-
ing the explored concrete state space into a finite set of boxes — one corresponding to each abstract state — and labeling
as either safe or unsafe. At each subsequent level [;, e-similar adjacent states — i.e., states separated by a hyperplane -
are merged into a single state iteratively until no further merge is possible. Beyond the size and cost reduction, this
hierarchical scheme also benefits from a finer-grained approximation of concrete state space regions in proximity
of explored unsafe states. After merging e-similar adjacent states, we construct the new abstract transition matrix
by aggregating the previously collected transition counts of the merged states (mapping old targets to their merged
representatives) and renormalizing per merged state—action pair to obtain a valid stochastic matrix.

Example. Fig. 1 illustrates the construction on FrozenLake8x8. In the concrete MDP, each grid cell is a concrete state,
and the cell labeled S is the initial state, F are frozen states, G is the goal state, and states labeled H are unsafe. During
online exploration, the agent collects concrete transitions (s, a,s”) and discovers unsafe cells when they are reached.
The observed unsafe cells are treated as red points and the explored non-unsafe cells as blue points in the red-blue
set cover problem. The learned box predicates cover all observed unsafe cells, while allowing at most a fraction f of
explored safe cells to be conservatively included as false positives. The predicate boundaries induce the abstract states

in S,, each of which is a region of the concrete state space, possibly containing multiple concrete cells. The abstraction
Manuscript submitted to ACM
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Fig. 1. lllustration of the abstract MDP construction on FrozenLake8x8: (a) the concrete MDP contains one concrete state per grid
cell; the agent starts from S, aims to reach G, and treats hole cells H as unsafe; (b) the safety-relevant abstract MDP, which partitions
the concrete state space into abstract regions induced by learned geometric predicates, where each colored region corresponds to one
abstract state and may contain multiple concrete states; (c) the abstract MDP after adjacent e-simulation merging.

map « sends each concrete state to the abstract region containing it. Each observed transition (s, a,s”) is then mapped
to (a(s),a, a(s")), and the empirical frequencies of these mapped transitions define P,. Finally, adjacent abstract states
with the same safety label and e-similar transition distributions may be merged. This design naturally preserves a finer
abstraction near observed unsafe regions, where the learned predicate boundaries and the transition probabilities to
unsafe states distinguish neighboring abstract states. The granularity of the abstract MDP is overall determined by the
observed safety-relevant samples, the false-positive threshold f, the minimum box size d, and the e-similarity merging
criterion. The full incremental refinement process and the effect of different false-positive thresholds f and merging

tolerances € are reported in Appendix A.2.

3.2 Counterexample-guided Offline Simulations

The abstract MDP M, enables the generation of counterexamples to the safety requirement by solving the MILP (as
detailed in Def. 2.5). Each counterexample M is a (near-)minimal sub-model of the abstract MDP M, capturing
potential safety violations in the concrete environment.

Within each simulation model M.y, the agent starts from sy, selects an action for each state scex € Scex to simulate

’

a transition based on the transition function P to a destination state s Cex

‘x> and receives a penalty if s

is assigned an

unsafe label. Each abstract state scex is concretized to a concrete state s by sampling from historic concrete episodes,

’

’
where the concrete states s ~ scex and s” ~ sl

to form a simulated trajectory following the same form as the concrete
online trajectory. Each simulated trajectory terminates upon reaching an unsafe state or when an abstract transition
fails to be concretized, which may occur when concrete safe states are misclassified as unsafe in the abstraction but no
actual transition to unsafe states exists from them. In the latter scenario, the corresponding simulation path is discarded.
Although every simulation within the counterexample is designed to eventually reach an unsafe state with probability
1 by construction [75], to prevent excessively lengthy simulations, it is practical to impose an (arbitrarily large) upper
limit on the maximum number of steps per simulation run as an additional termination criterion.

It is worth acknowledging that the solution to the MILP problem in Def. 2.5 may not be unique, and different solutions

can reveal different violating behaviors [71]. Hence, for more comprehensive training, multiple counterexamples
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are generated from the current abstract model M, to foster the diversity of violating behaviors to be simulated.
Multiple counterexamples can be obtained by adding blocking clauses that force arbitrary labels selected in existing
counterexamples to be deselected by constraining the corresponding x, = 0, in random order as described in Sec. 2.

Each solution is typically small-sized, resulting in short simulation traces and, in turn, cost-effective learning.

3.3 A Framework for Online-Offline Learning with Counterexample Guidance

In this section, we introduce a counterexample-guided RL framework that integrates online and offline learning, as
outlined in Alg. 1. This framework is a generalization of the method we proposed in [36] to encompass both QL and
actor-critic methods with the introduction of regularization, demonstrating the adaptability of counterexample guidance
with different learning algorithms.

We will first recall the baseline implementation of the framework from [36], without regularization. We will then
highlight in Sec. 3.4 its limitations in the presence of conflicts between reward maximization — pursued during online
learning - and safety assurance — pursued during offline learning. Finally, Sec. 3.5 will introduce a new regularization

strategy to make the learning converge to a stable policy that controllably trades off the conflicting goals.

Algorithm 1: Counterexample-Guided Reinforcement Learning

1 Input: Safety requirement threshold A > 0, max number of CEX Ncex, number of simulations per CEX NS ey,
Bayes factor

2 Output: Synthesized Policy 7

3 Initialize: Abstract model M,, experience dataset D « 0, Q-value function Q and policy 7 (randomly
initialized)

4 while not converged do

5 // Online Learning;

6 77, Q, Donline <— onlineQLearning/onlineActorCritic(s, Q) ;

7 Obht < BayesianHypothesisTester(Donline> 4, f) ;

8 D « D U Dopline;

9 if Oppr > f then

10 //0ffline learning;

11 M, « refine(M,, D) // Update the abstract MDP;

12 for up to Neex do

13 Meex — cexGeneration(Mg, A);

14 simTraces « collectSimulationTraces(Mcex, NScex);

15 Q « updateQ/updateCritic(Q, simTraces) // Q-Value / Critic update using cex-guided simulation traces;
16 end

17 end

18 end

Initialization. Both the abstract model M, and the explored dataset D are initially empty, or they can optionally be
initialized with any prior knowledge if available (e.g., abstracting a set of traces collected during previous runs of the
system). Similarly, the Q-value function and policy are randomly initialized, or they can optionally be initialized based
on prior knowledge, if available.

Online learning. The onlineQLearning/onlineActorCritic procedure (line 6) represents the method that the agent
uses to explore and learn from the concrete environment. In particular, it defines how rewards are used to update

value estimation. The two alternative functions in Alg. 1 highlight the orthogonality of the algorithm to the specific
Manuscript submitted to ACM



Safe Reinforcement Learning under Regularized Probabilistic Counterexample Guidance 11

learning method adopted by the agent, where onlineQLearning represents the value update rule of Q-learning and
onlineActorCritic the value update function of an actor-critic method, e.g., PPO. The safety of online exploration is
estimated using a sequential Bayesian hypothesis testing [15] (line 7) to monitor the frequency of safety violations. This
testing iteratively updates a Beta distribution estimating the probability of violation from the current experience of the
agent. If the likelihood of “the violation probability exceeding A” surpasses a specific Bayes factor f, the online learning
phase is paused, the explored dataset D is expanded with the newly collected traces (line 8), and the subsequent offline

learning process is triggered.

Remark 3.2 (Bayesian hypothesis test). Let X; € {0, 1} denote whether the i-th online episode reaches an unsafe
concrete state, and let p = Pr(X; = 1) be the probability of reaching an unsafe state in the current online phase. A
conjugate prior for this distribution is Beta p ~ Beta(ay, fo), 2o, fo > 0 [15]. After n > 1 episodes in the online learning
phase, we update the prior with k = Y7, X; unsafe episodes, yielding the posterior p | D ~ Beta(ag + k, fo + n — k).
The hypothesis test compares Hy : p < A (safety requirement satisfied) against H; : p > A (violation). We then trigger
offline learning when the evidence for H; exceeds the Bayes factor  in Alg. 1. If a prior expectation is available, e.g.,
from historical data or similar applications, (@, fy) can be set accordingly - for example, setting the ratio ay /(@ + fo)
equal to the a-priori expected failure probability, while the concentration a, + f determines the confidence in the initial
prior, i.e., larger values of ay + f require more evidence from the collected data to move the posterior away from the
prior expectation. In this paper, we do not assume any prior knowledge available and instead adopt the non-informative
Jeffreys prior ag = fy = 0.5, which is symmetric and converges quickly to the likelihoods observed from the sample
data. After each triggered offline phase, we reset the test (i.e., restart from the prior) to assess safety under the updated

behavior.

Offline learning. If the Bayesian test interrupts the online learning phase (line 9), an offline learning phase begins,
aiming to prevent the recurrence of identified unsafe behaviors in subsequent online explorations. The abstract MDP
M, is refined with the current set of online explored paths D (line 11), enabling the generation of counterexamples.
While the set of all possible counterexamples is finite [75], the computational cost for their exhaustive generation may
be prohibitive for large M,. Thus, we impose a maximum of N ., counterexamples to be generated for each offline
learning phase, using random blocking clauses to likely increase their diversity.

The offline simulation paths, derived from each M., are submitted to the agent (line 15), penalizing the selection of
potentially unsafe actions ahead of the next online learning phase. The Bayesian hypothesis test is then reset before
entering the subsequent online learning phase (line 7), expecting a different agent behavior after each offline learning
phase.

By exposing the agent to simulated execution traces that are focused on penalizing unsafe behaviors, Alg. 1 can be
used with virtually any learning algorithm. Considering specifically QL and actor-critic methods, their approaches to
incorporate the counterexample guidance are different: in QL, the counterexample guidance directly adjusts strategies
through a penalized Q-value function to avoid visiting unsafe states; in actor-critic methods, the counterexample
guidance adjusts the critic to implicitly influence the policy toward safer exploration. From a safety perspective, the
explicit effect of counterexample guidance is to penalize the over-estimated Q-value and boost safer exploration in
QL; on the other hand, its impact in actor-critic methods can be potentially smoother but more effective as it avoids
extensive evaluations of the Q-value function in unsafe regions. We will further evaluate and discuss the characteristics
of counterexample-guided learning in QL and actor-critic methods in Sec. 4.
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3.4 Limitations when handling conflicting goals

The effectiveness of the basic counterexample-guided offline simulations as defined in [36] is influenced by the
relationship between reward optimization and safety for the learning problem at hand. If the learning objective of
maximizing rewards aligns inherently with the safety requirements, i.e., there exists a reward-optimal policy that is
also safe, counterexample guidance can increase the safety of the agent during exploration and possibly speed up

convergence to an optimal safe policy. This is captured by the following proposition adapted from [36]:

Proposition 3.1. If there exist maximal-reward policies that satisfy the safety requirement, then the counterexample-

guided learning algorithm will eventually converge to one of them.

In other words, offline learning with counterexample guidance does not preclude the convergence to a maximal reward
policy that satisfies the safety requirement, if such policy exists. This follows from the fact that the online exploration of
the environment is never strictly limited by the use of counterexample guidance. Rather, offline phases aim at penalizing
the relative value of actions that may eventually lead to safety violations, thereby reducing their likelihood of selection
during subsequent online learning (a more detailed discussion can be found in Appendix A.1).

However, in the absence of a maximal-reward policy satisfying the safety requirement, alternating online learning with
counterexample-guided offline simulations may cause oscillations in the agent’s value estimation. Such oscillations
arise from the fact that online learning steers toward a maximal-reward policy, while the offline policy, reinforced
within counterexample-guided simulations, upholds the safety requirement, leading to a conflict. In such scenarios,
counterexample guidance can still reduce the number of failures during exploration but it cannot entirely prevent the

agent from converging again to an unsafe maximal-reward policy in the long run.

e P

P2, Iu
@ p1,Q\<: ) @

P2, 0 1-p 0
\@
1- P2, Iy
(@ A minimal MDP M,, where S, = (b) Counterexample sub-model Mcex con-
{s0, s1, 52, Su }, Aa = {safe, risky}. structed from M.

Fig. 2. A minimal (abstract) MDP illustrating oscillating behavior induced by counterexample guidance in the presence of conflicts
between the safety requirement and reward maximization. The safety requirement is P<j, [F unsafe], with p; < py. sy, is the unsafe
state.

Example of Oscillating Behavior. Consider the MDP M, in Fig. 2(a), and assume the abstraction already converged

to an exact representation of the environment. From the initial state sy, the agent can choose between two actions:
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e safe leads with probability p; to the unsafe state s, and 1 — p; to state s; where reward r; is granted

o risky leads with probability p, to the unsafe state s, and 1 — p, to state s, where reward r; is granted.

The expected value of the two actions is v; = (1 — p;) - r1 for action safe and v; = (1 — p3) - 2 for action risky,
respectively. Let us assume that v, > v; and p; < p,, and that the safety requirement is P<p, |F unsafe].

During online learning, the agent’s policy will converge toward selecting the risky action, as it would grant the highest
expected value. However, such an exploration phase is bound to trigger an offline phase as soon as the Bayesian estimate
of the failure rate exceeds p; while converging to p,, signaling the violation of the safety requirement.

The counterexample sub-model that will guide the offline phase is shown in Fig. 2(b), where the offline episodes will
result in a penalty r,, < 0 for reaching s, via action risky. The net effect will be that after the offline phase, the agent
will prefer action safe, only to eventually drift again toward risky to maximize its online reward.

Fig. 3(b) shows how the conflicting goals in this scenario lead to oscillations in the estimated values for the two
actions (we use QL for this finite state example). The oscillating effect introduced by counterexample guidance can be
observed by comparing Fig. 3(b) with the baseline QL process reported in Fig. 3(a). In the latter, without offline learning
penalizing the selection of the risky action, the agent converges to selecting risky for its higher reward. In Fig. 3(b),
the penalizing effect of offline learning phases on the estimated value of risky ends up only temporarily affecting the
agent’s preference for this action, ultimately resulting in the oscillating behavior visible in the plot (whose magnitude is

smoothed over time by the decreasing learning rate of the agent).

—— Q-value (s0, safe) ~— Q-value (s0, safe) ~—— Q-value (s0, safe)
20 —— Q-value (s0, risky) 2.0 —— Q-value (s0, risky) 2.0 —— Q-value (s0, risky)
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g S <
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Episodes

(a) Classical QL

Episodes

(b) Online-offline Counterexample-guided QL

Episodes

(c) Regularized Counterexample-guided QL

Fig. 3. Evolution of Q-value estimations in Q(so, safe), Q(so, risky), average rewards and safety rates during the learning process for
the model shown in Fig. 2(a) using classical QL, Online-offline counterexample-guided QL and Regularized Counterexample-guided
QL (the model parameters used for this example are: p; = 0.8, p; =0.6,r1 =1, r; =3, r, =0and p = 2 with a decaying learning rate
az, where ag = 0.01 and the decay factor is y = 0.99998

3.5 Safe Reinforcement Learning with Regularized Counterexample Guidance

To avoid oscillating behaviors in case no maximal-reward policy can assure the satisfaction of the safety requirement,

in this section, we introduce a belief-based regularization term in the online learning goal that controls the distribution
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shift between online and offline learning phases. We will first recall in more detail the effects of counterexample-based
simulations under conflicting objectives of optimization and safety and then present the belief-based regularized Bellman

operator we propose to control the distribution shift and the oscillations in value estimation.

Consider again the model shown in Fig. 2(a). The agent can indeed reduce the frequency of visiting the unsafe
state s, through Alg. 1 by penalizing the Q-value Q(sp, risky) within the offline counterexample-guided learning
(counterexample in Fig. 2(b)), even when such actions may lead to higher rewards. For instance, with p; = 0.8 and
p2 = 0.4, rewards r; = 1 and r, = 1.5, the agent is encouraged to select the safe action with a smaller reward under the
counterexample guidance. However, in real-world scenarios, risky behaviors in autonomous systems could potentially
lead to significantly larger rewards, tempting the agent to opt for risky actions. For example, if the agent would instead
receive r, = 3 for selecting the risky action toward s,, it may eventually show a preference for this higher-risk
action with higher Q-value during online learning. This preference leads to the oscillation of value estimations for
counterexample-guided RL due to conflicting objectives of maintaining safety and maximizing reward shown in Fig. 3(b),
resulting in recurring safety violations and frequent triggering of offline learning throughout the exploration process

(the points in time when offline learning is triggered are shown with dashed vertical lines in the figure).

To manage a possible conflict between reward maximization and safety, we introduce a regularized Bellman operator [76]
T that incorporates a belief-based regularization term for the Bellman update rule during online exploration. This
operator is formulated to penalize the estimation of the value of an action according to the difference between the
(latest) online and offline value estimations. In other words, if an action is exercised during offline learning — because
part of a path sampled from counterexamples - its value will be lower after the offline phase is completed; then, the
subsequent online phase will add a regularization term correlated to the drop in value of the action induced by the
previous offline phase. The strength of the penalization is tunable between the extremes of ignoring the value drop
after an offline phase (i.e., always prefer maximal reward) and penalizing future online estimates to quickly match the
value drop at each online-offline iteration (i.e., always prefer maximal safety).

Regularization in Q-value. Our regularized Bellman operator for Q-value estimation is presented in Eq. (12):

TQ(S, a) = E(s,a,r,s’)~D R(s, a) ty glgﬁ Q(s/’ a/) - Lreg(5> a) (12)

where the regularization term Lyeg (s, @) = (1-b(s,a)) - [O(s, @) = Qcex (s, @) ] accounts for the loss due to “overestimation”
in the Q-value O from the latest online learning compared to the corresponding counterexample-guided estimation
Qcex; the belief b(s,a) = e™” [Q(s@)=Quex (@) ]+ modulates the magnitude of this loss by considering the divergence
between the latest online estimated Q-value O and the corresponding value Qcey penalized via counterexample-guided
simulations?; notice that we only regularize for actions where the difference O(s, a) — Qcex (s, a) is greater than zero
([-]+ returns its argument if the argument is positive and zero otherwise). The meta-parameter p > 0 serves as a risk
preference indicator, allowing the user to strengthen or weaken the bias of the belief at each online-offline iteration. A
smaller value of p encourages divergence from the counterexample-guided estimation, i.e., taking more risks during the
following online phase and therefore preferring reward maximization. On the other hand, a larger value of p encourages
conservative value updates that more strongly penalize unsafe actions (explored thus far). At its extremes, when p — 0,

the regularization term also tends to 0, reducing Eq. (12) to the standard Q-learning update rule for online learning;

Zwhile in this work we formulated the regularization term using a belief structure, alternative divergence metrics, such as the Kullback-Leibler (KL)
divergence [40] and Maximum Mean Discrepancy (MMD) [24], widely-used in several offline RL works [5, 41], can also be adapted to define regularization
terms based on the distribution drift [Q(s, @) — Qcex (s, @) |+.
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instead, when p — oo, the Q-value estimation will be offset by the difference between the online and offline estimates,

thus retaining the full penalization induced by the previous offline phase.

To intuitively demonstrate the effect of our regularization strategy, dubbed regularized counterexample-guided learning,
we refer again to the evolution of Q-value estimations reported in Fig. 3 for the example model of Fig. 2.
As already discussed, pure online Q-learning (Fig. 3(a)), i.e., without any counterexample-guided offline action, converges
to a policy maximizing the expected reward — action risky — irrespective of whether such policy satisfies the safety
requirement or not. With online-offline counterexample-guided QL [36], offline phases penalize the risky action because
its selection leads to violating the safety requirement. While this penalization temporarily reduces the frequency of visits
to unsafe states, it does not prevent subsequent online phases from eventually converging again to the maximal reward
policy — risky — thus repeatedly triggering offline phases leading to oscillations in the Q-value estimations (Fig. 3(b)).
This is consistent with prop. 3.1, which ensures the convergence of online-offline counterexample guidance only when a
safe maximal-reward policy exists [36], which is not the case for the model in Fig. 2. Finally, Fig. 3(c) shows the evolution
of Q-value estimates when our new regularization strategy is applied (p = 2 in this example). The regularization term
controllably biases the value estimation for the risky action, transferring a safety bias from counterexample-guided
offline learning to the subsequent online phases. As a result, the agent will increasingly prioritize visiting safe actions
also during online learning, eventually converging to a safe policy and reducing the need for offline corrections - the
frequency of dashed vertical lines in the plots reduces over time.

Based on the regularized target induced by the operator T in Eq. (12) the learning procedures at line 6 of Alg. 1 are
replaced by corresponding regularized versions, which shape the rewards received from the environment as appropriate
for the learning method - in the case of Q-learning, the regularization term is directly added to the Q-value estimates,

while in the case of actor-critic methods like PPO, the regularization term is added to the value estimate of the critic.

Theoretical discussion of TQ. At each online-offline iteration, the regularized Bellman operator T produces Q-values
Qr that lower-bound the latest Q-values estimated online O for any actions that may contribute to the violation of
safety requirements, i.e., that are exercised as part of a counterexample-guided offline simulation. When more offline
interventions are triggered by persistent violations of the safety requirement throughout the learning process, the
penalization effects of the offline phases compound in the regularized Q-value Q7 until the frequency of unsafe behaviors

lowers enough not to trigger additional offline phases. In the remaining of this section, we will assume that:

(1) p > 0: when p = 0 the regularization term is also zero, thus Eq. (12) trivially reduces to the standard Q-value
during online learning, neglecting any violations of the safety requirement

(2) apolicy that satisfies the safety requirement exists. Otherwise, any policy exercised by the agent would eventually
lead to the violation of the safety requirement, in turn triggering an unbounded number of offline phases

(3) the learning rate decays slowly enough for the agent to incorporate feedback from all the offline phases triggered

during learning - the number of necessary offline phases is always finite because of the previous assumption®.

These assumptions identify the target application scenarios for our method. We refer to Appendix A.1.3 for additional

discussion, as well as for sufficient convergence conditions when assumptions (2) and (3) do not hold.

3when the learning rate approaches zero, the agent loses the capability of acquiring new information, including feedback from offline phases. This
situation is exemplified in Fig. 3, where the amplitude of the oscillations ostensibly decreases over time. However, while the learning rate decay draws the
process to a fixed point, there is no guarantee the agent incorporated sufficient information to achieve its goal, including possible safety requirements.
This observation applies to any learning process and it is not specific to our method.
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Proposition 3.2 (Conservatism of the Regularized Q-Value). For any state-action pair (s, @) along an unsafe trajectory
T = {so,a0,70,$1,a1,71,...,S,} terminating at s, € Sy, sampled from a counterexample, the regularized Q-value

Qr (s, a) lower-bounds the value Qp(s, a) that would be estimated by standard Q-learning (without regularization), i.e.,

Or(s,a) < Qg(s,a).

Proor skeTcH. Let O(s, a) be the latest online Q-value estimation for an (s, a) pair. When an offline phase is triggered,
paths that reach any unsafe state in Syy are sampled from a counterexample to train the agent offline. Upon reaching
a state in sy, the agent receives a strictly negative reward — the penalty r, < 0 — which backpropagates along all
decisions taken along the path. Hence, if an action is sampled as part of a sampled unsafe path, its Q-value will decrease
during an offline phase otherwise, the offline phase has no effect on the action, leading to Qcex(s,a) < O(s,a). The
coefficient (1—b(s, a)) in the regularization term of Eq. (12) is always nonnegative (equal to zero for O(s, @) = Ocex(s, a)).
Therefore, the regularization term is strictly negative for any state-action pair part of a path sampled during offline
counterexample-guided learning and the overall regularized Q-value TQ lower bounds the standard Q — value the agent

would converge to for that state-action pair. O

If after an offline phase, the agent converges again toward an unsafe policy, a new offline phase will be triggered, this
time starting from a lower value ' (s, a) estimated from the latest online phase for any state-action pair that was part
of a path sampled during previous offline phases. The rationale in prop. 3.2 can then be reiterated: the penalization
delta accrued during an offline phase does not depend on the value of a state-action pair when the offline phase starts,
but only on the frequency of the state-action pair is sampled from a counterexample (and the value of r, < 0, which is
constant). Therefore, actions that repeatedly contribute to the agent violating the safety requirements are repeatedly
penalized by the triggered offline phases until their lowered values shift the agent’s decisions toward alternative actions.
To complete our argument, we show that in between offline phases (and especially after the last offline phase), the

regularized Bellman operator would eventually converge to a fixed point by proving its contraction property [34].

Theorem 3.1 (Contraction of regularized counterexample-guided online learning). During online learning phases, the
regularization term Ly, (s, a) is constant until the occurrence of a new offline phase. Therefore, the regularized Bellman
operator TQ(s,a) = 1(s,a) — Lieg(s, a) + ymaxy Q(s’, a’) reduces to an affine operator and for any two Q-functions Q
and Q’,

ITQ-TQlleo < ¥11Q = Q'lles,

and T is a contraction under the max-norm if y < 1.

Proor. With a fixed Qex after an offline phase, the difference A(s, a) = Q(s, a) — Qcex (s, a) between Q and Qcey is a
state—action constant. Therefore, the belief variable b(s, a) = e PlA(s@)]+ js also a constant and Lyeg(s,a) = (1-0) A(s, a)
no longer depends on Q. Until an offline phase occurs, the regularization term is identically zero; after the last offline
phase occurs, the term will remain constant until the end of the learning process.

Let us define the regularized reward R’ (s, a) = r(s, @) — Lyeg(s, a); then T reduces to the affine Bellman operator:
TQ(s,a) =R'(s,a) + ymax Q(s’,a").
a
where for any Q, Q’, |TQ(s,a) = TQ'(s,a)| = y|maxar Q(s’,a’) —maxy Q' (s, a’)| <y |Q — Q|| Taking the supremum

over (s, a) gives the desired contraction when y < 1. O
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Conservative Advantages for Policy Gradient Updates. Policy gradient methods provide conservative value
estimates and use them to perform policy updates. In actor—critic methods such as PPO [59], the policy is updated by

maximizing a surrogate objective:

L(0) = By gon,, [min(r(0) Ag(s, a), clip (r(0),1 - €,1+ €) Ap(s,a))] -

where r(0) = Z?d((aalrs)) is the probability ratio between the new and old policies, and the advantage function is
Ag(s,a) = Qp(s,a) — V(s), where Qp(s, a) is computed under the standard Bellman operator B.

By Prop. 3.2, for state—action pairs occurring along unsafe trajectories, we have Qr (s, a) < Qp(s, a). The corresponding
conservative advantage function that incorporates our regularization term is A7 (s, a) = Qr(s,a) — V(s) < Qp(s,a) —
V(s) = Ag(s, a), so actions penalized during the offline phase are assigned lower advantage.

The advantage function also affects the trust region through a KL-divergence constraint, Dxr, (714 || 779) < 6, which
ensures that each policy update remains close to the previous policy [58, 59]. Together, the conservative advantage
At (s, a) and the KL constraint imply that the policy update inherently penalizes unsafe actions: since unsafe actions
are associated with lower Qr (and hence lower Ar), the surrogate objective provides less incentive to increase their

selection probability.

4 EVALUATION

In this section, we evaluate our method from two key aspects: the improvement in safety rates achieved through
counterexample-guided exploration, and the impact on cumulative rewards as a result of the regularized counterexample-
guided learning strategy. We also briefly discuss the computational overhead associated with counterexample generation

and provide insights into the policies synthesized under counterexample guidance.
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(a) Frozenlake8x8 (b) DiscreteGrid / HybridGrid (c) FlagMaze (d) MarsRover

Fig. 4. Layouts of Evaluation Environments

Environments. Our evaluation employs five environments with both discrete state space (FrozenLake8x8,DiscreteGrid,
FlagMaze) and continuous state space (HybridGrid, MarsRover), as depicted in Fig. 4. The agent makes decisions
between movements: up, down, left, and right, to achieve sequential goals through navigation in these environments
while maintaining a probability above threshold A to avoid unsafe behaviors during exploration. Additionally, MarsRover
encounters an extra challenge of navigating a complex environment that cannot be completely approximated by a finite
abstract state space, and FlagMaze encounters an extra challenge of conflicting objectives of optimization and safety

during exploration:

e the slippery FrozenLake8x8 (OpenAl Gym [7]), where the agent aims to navigate a safe path across an 8x8

grid, avoiding "H’ labeled states, with slippery actions. Under the slippery setting, the probability of moving
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in the intended direction is one-third; otherwise, the agent slides into perpendicular directions with an equal

probability

DiscreteGrid (based on the implementation of [28, 29] ), where the agent aims to sequentially reach the states
labeled goall first and then goal2, avoiding unsafe labeled states, with a 15% chance of random movement at

each step

HybridGrid - our adaptation of DiscreteGrid with a continuous state space, with movement distances sampling

through a Gaussian distribution N (2, 0.5) at each step

MarsRover (based on the implementation of [29, 30], simulating the Melas Chasma exploration [49], which
cannot be perfectly abstracted by boxes or other affine abstract domains), where the agent seeks target states
without entering unsafe regions. Movement distances per movement are derived from 2/ (0, 10) with additional
noise from U (-0.1,0.5)

FlagMaze (based on the layout of [48] and the implementation of [53]), where the agent collects flags (6 in total)

while avoiding detection by security cameras at all the doorways with varying probabilities. The more flags
collected, the larger the rewards received, but also the higher the probability of being caught by the security
cameras. Due to the conflicts of reward optimization and safety, this environment features several optimal

policies that form a Pareto front for the accumulated reward and safety rate, as detailed in [48].

Baselines. The effectiveness of our method is benchmarked against established algorithms: classical Q-Learning

(QL) [74], DON [50] and PPO [59] for discrete and continuous MDPs, respectively. Considering similar motivation on

incorporating logical guidance and abstract MDPs, we further compare our method against QL-LCRL [28] in FrozenLake

and DiscreteGrid, with the risk preference parameter p = 0 (equivalent to Alg. 1 in [36]) and p = 5 respectively.

QL-LCRL also guides exploration in an initially unknown MDP by reshaping rewards via an automaton derived from

an LTL specification, encouraging behaviors that satisfy the specification while avoiding unsafe states. We additionally

report results for ARL [48] on FlagMaze in Appendix A.1.3. We do not treat ARL as a general baseline because it is a

model-based assured approach that relies on an abstract MDP and quantitative verification under known dynamics

to enforce a PCTL property, whereas our setting focuses on model-free safe exploration from interaction data. We

therefore use ARL as a reference point: by tuning p, our model-free method can realize reward-safety trade-offs that

approach the verified model-based behavior in practice.

Table 1. Learning results with corresponding hyperparameters in QL, QL-LCRL, and QL-CEX (p =0 and p =5)

Environment |S| [S4] A a vy e f QL QL-LCRL QL-CEX

safe. prob reward safe. prob reward safe. prob reward

DiscreteGrid 3200 30 0.2 09 09 0.01 0.05 0.31 0.924 0.387 0.99 0.57/0.62 0.99/0.99
FrozenLake8x8 64 50 035 0.1 09 0.01 0.05 0.339 0.55 0.401 0.54 0.44/0.45 0.6/0.62
FlagMaze 14976 470 0.15 0.1 0.99 0.01 0.05 0.75 4.05 - - 0.75/0.92 4.1/2.81

Table 2. Learning results with corresponding hyperparameters in DQN, DQN-CEX (p = 0 and p = 5), PPO and PPO-CEX

Environment [S| [S4] A a € f DON DQN-CEX PPO PPO-CEX

safe. prob reward safe. prob reward safe. prob reward safe. prob reward

HybridGrid co 41 0.2 5e-4 0.01 0.05 0.55 0.76  0.7/0.74 0.8/0.83 0.7 0.94 0.78 0.94
MarsRover co 149 0.2 5e-4 0.05 0.15 0.68 0.94 0.82/0.86 0.92/0.96  0.89 0.97 0.98 0.99
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Experimental Results. We implemented QL and employed DQN and PPO furnished by the OpenAl Gym Baselines [55]

in Python. Key hyper-parameters include the learning rate @, the discount factor y, the e for adjacent bisimulation and

Manuscript submitted to ACM



20 Ji and Filieri

a safety specification parameter A modulated in line with the inherent uncertainties of each environment. The agents
traverse Cartesian planes with a state size of |S|, while the state space minimization via abstraction reduces this to
|Sal. This abstraction process also considers false positive rates f for safe state inclusion in unsafe abstract states, and
the minimal dimensions for each abstract box are set at 1 and 0.01 for discrete and continuous spaces, respectively.
Hyper-parameters employed for each environment are listed in the left columns of Tab. 1 and 2. In our experiments, the
Bayesian hypothesis test is executed on a sliding window of 50 samples, to reduce false positive triggers as learning
starts and not enough data is available for a reliable test.

Fig. 5 and 6 show the learning performance, combining the accumulated safety rates (bottom) and the rolling average
of accumulated rewards during exploration. Without prior knowledge, the agent starts exploration, with the average of
10 runs depicted by the line, and the standard deviation by the shaded area. Dashed vertical lines indicate the average
episode number where an offline learning phase in counterexample-guided methods (our method) is triggered, while
the solid horizontal line indicates the target safety rate A in corresponding safety specifications. The cumulative rewards
of different methods converge to similar values, suggesting that our method achieves cumulative rewards comparable
to the baselines under counterexample guidance. Due to this conservative strategic guidance that prevents potentially
unsafe actions during exploration, our method achieves a generally higher safety rate during all exploration processes.
The intensity of this guidance is modifiable with the risk factor p — higher p imposing stricter penalties on unsafe
behaviors. Compared to the learning result with p = 0 (no regularization), the learning result with a higher p value
(e.g., p = 5) tends to be more conservative, particularly in conflict scenarios like FlagMaze, where risk minimization

and reward maximization are in tension.

In DiscreteGrid, the safety rate for online learning via our method exceeds the preset threshold much faster than
baseline methods. This can be attributed to the effective abstraction and minimization enabled by the geometric structure
of grids, which eliminates the need for further offline phases after the initial 1000 episodes.

In slippery FrozenlLake8x8, the inherent uncertainty in movements results in more extensive online exploration
to facilitate effective counterexample guidance. This large uncertainty also leads to additional time to stabilize its
performance, triggering offline learning phases more frequently and requiring a larger number of episodes to reliably
meet the safety requirement.

In FlagMaze, the conflicting objectives of maximizing rewards and avoiding security cameras lead to a set of Pareto-
optimal policies that show a trade-off between safety and rewards, as outlined in [48]. We also include the model-based
ARL reference on this benchmark, and further analyze the relationship between the risk factor p and synthesized
policies in our method for approximating the Pareto-front optimal policies in Appendix A.1.3. While both QL and our
method achieve the safety requirement, our method guides the agent toward approximated Pareto-optimal policies
with a higher safety rate than QL.

In HybridGrid and MarsRover, PPO-based approaches generally outperform DQN-based ones in learning perfor-
mance with higher variance due to the different characteristics of these two learning methods. Despite these inherent
methodological differences, our methods (PPO-CEX and DQN-CEX) achieve higher safety rates. While the initial
accumulated rewards of our method may be lower due to cautious exploration, our approach eventually converges
toward high-reward policies. Moreover, the frequency of triggering offline learning decreases as learning proceeds.
QL-LCRL is not applicable to these two environments with continuous state space. Although LCRL [31] also employs
an NFQ-based approach for continuous MDPs, its NFQ-LCRL variant solely relies on offline learning with randomly

sampled data, making it incomparable to our method on the safe exploration aspect.
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Overhead. Counterexample generation necessitates solving a MILP problem within an abstract state space. The
evaluation in this section utilizes a Macbook Air equipped with an M1 CPU and 8GB of RAM, the average time
+ standard deviation to resolve these optimization challenges were 0.71+0.98s for FrozenlLake8x8, 0.08+0.06s for
DiscreteGrid, 5.16+3.01s for FlagMaze, 2.31+3.94s for HybridGrid, and 3.87+4.07s for MarsRover, respectively, with
the Gurobi Optimizer version 9.1.0 [25] employed for these calculations. On average, the numbers of counterexamples
generated per offline learning stage were 11, 6, 32, 19, and 21 for each environment respectively. It is worth noting that
the processes for generating counterexamples and conducting simulations are amenable to parallelization. While the
MILP-solving stage may incur greater costs, offline learning is only resorted to when recent online explorations result in
an unsatisfactory safety rate. As depicted in Fig. 5 and 6, with the aid of counterexample guidance, our method realizes
the necessary safety exploration rate more swiftly, thereby offsetting the initial costs of solving MILP. Furthermore,
the optimization challenge could be simplified at the expense of the solution’s optimality and comprehensiveness of
counterexamples — for computation time reduction.

Artifact availability. The implementation of the regularized counterexample-guided learning algorithms and the

scripts used to reproduce the experiments are available at https://github.com/xtji/CEX-guided-RL.

5 RELATED WORK

Safe Exploration. Surveys and taxonomies on safe reinforcement learning [9, 23, 37] present a broad spectrum of
strategies to reduce hazards during exploration. Most existing methods assume some form of prior knowledge or
model dynamics [2, 13, 20, 52, 69], predefined safety constraints or runtime monitors [28, 35, 48, 56, 78], or expert
demonstrations and additional data sources [22, 33, 57, 81]. A major line of work formalizes safety as explicit constraints
in constrained MDPs and performs constrained optimization during training (e.g., trust-region or Lagrangian-style
updates) [1, 66, 68]. While these approaches provide principled mechanisms to trade off reward and safety, they typically
require a well-defined cost signal and careful tuning, and may exhibit instability or oscillation in constraint satisfaction.
Another line of work focuses on uncertainty-aware safe exploration; for example, methods based on Gaussian-process
surrogates [46, 67, 73] characterize uncertain dynamics under assumed model structures and restrict exploration
accordingly. Only a few methods directly address safe exploration in unknown environments: [30] partitions unknown
continuous MDPs into smaller tasks using LTL specifications (often prioritizing specification compliance rather
than minimizing safety violations); [5] introduces a safety critic to filter potentially unsafe actions using an offline
dataset; [32] employs a shielding discriminator trained from simulation/offline data; and [45, 79] learn safety constraints
from demonstrations or raw observations. Complementary to these, recent verification-in-the-loop approaches use
counterexamples or formal feedback to refine learned policies [12, 17, 21].

Our approach differs from most prior work by not assuming an a priori dynamics model, predefined safe shields, or
a pre-collected offline dataset. Instead, we start from no prior exploration data, dynamically update safety-relevant
information in a data-driven manner via abstraction, and enforce a probabilistic safety requirement by generating
counterexamples and using targeted counterexample-guided simulations to regulate online learning.

Offline RL. As conceptualized in [44], offline RL learns near-optimal policies from a fixed dataset without online
interaction, which is appealing for safety-critical systems because it avoids trial-and-error in the real environment.
However, offline RL is challenged by limited dataset coverage and distribution shift between the learned policy and the
behavior distribution. Many methods address this issue by discouraging out-of-distribution actions and preventing
value overestimation via conservative regularization or optimization constraints [11, 41, 47, 61, 76], or by learning

risk-averse policies using behavior cloning and safe policy priors [70, 77, 80]. While these approaches align with our
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motivation for risk-averse learning, purely offline learning remains limited by partial dataset coverage and the inability
to incorporate newly observed safety-critical evidence.

Recent work therefore emphasizes hybrid pipelines that combine offline pre-training with online fine-tuning [39, 54]
and improved data-mixing strategies such as balanced replay buffers or sampling [4, 43, 64] to alleviate coverage
limitations and stabilize online learning. Our method also follows a hybrid online—offline pattern, but differs in how
offline supervision is obtained and preserved: we update abstract safety-relevant knowledge online and generate
counterexample-guided simulations as targeted offline experience, mitigating catastrophic forgetting of safety-critical

information and providing a probabilistic guarantee grounded in the most current counterexample-based evidence.

6 CONCLUSION

In this work, we have developed and analyzed a novel approach to enhance safety in model-free reinforcement learning
through counterexample guidance, augmented by a combination of online and offline reinforcement learning with
belief-based regularization. We demonstrated the effectiveness of our method with theoretical analysis and experimental
evaluations, comparing it with state-of-the-art methods in RL.

The counterexample generation process is based on a conservative geometric abstraction method, distilling the knowl-
edge obtained from historical exploration into a compact, finite MDP model. This model accurately captures safety-
relevant information through limited online interactions with the environment and is updated incrementally to maintain
the safety invariant, addressing potential catastrophic forgetting problems during the learning process. We generate
counterexamples of the safety requirement in the abstract model, and create targeted, small-scale offline simulations,
where the agent augments the penalized reward of making decisions that lead to previously encountered unsafe
states under the belief-based regularization. In the subsequent online exploration, the agent receives a regularized
state-action value that penalizes decisions with a large divergence from counterexample-guided policies that are likely
to result in unsafe states. The regularization term addresses the distributional shift and oscillation of online and offline
environments, enhancing the stability of learning performance with conservative learning behaviors, and thereby
guiding the agent away from risky actions in future online interactions with tunable penalization strength.

The iterative process of online exploration followed by refinement through regularized counterexample-guided learning
enables steady improvement in safety rates without substantially reducing cumulative rewards. The efficacy of this
balanced approach is evident from our evaluation on standard benchmarks, including OpenAI Gym environments, and
comparisons with baseline methods. While the initial evaluation focused on enhancing Q-Learning, DQN, and PPO
algorithms in both discrete and continuous state spaces, the core principle of our framework is algorithm-agnostic. One
limitation of our current formulation is that counterexample generation assumes a finite action set in the abstract MDP,
which is used to enumerate state-action pairs and transition labels. Extending the approach to continuous action spaces
would require an additional action abstraction or discretization step. Our future study will investigate this extension to
continuous action spaces, a broader spectrum of reinforcement learning algorithms, and multi-agent systems, aiming to

improve safety and sample efficiency for online exploration in unknown dynamic learning systems.
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A APPENDIX
A.1 Proof Sketches and Additional Theoretical Discussion

In this section, we detail the theoretical discussion and proofs of the proposed abstraction method and the counterexample-

guided reinforcement learning algorithm.

A.1.1  PAC Learnability of Safety-Relevant Abstraction. The core of the proposed safety-relevant abstraction is solving a
minimal red-blue set coverage by polyhedra (restricted to hyperboxes in this work) predicates, as introduced in sec. 3.1.
We aim to discuss how an abstraction up to an arbitrary accuracy will almost surely eventually be constructed. We
remind that the set cover problem allows only over-approximation of unsafe regions, meaning that unsafe concrete
points are always mapped to unsafe abstract states and safe concrete points may possibly be misclassified as unsafe
with a maximum prescribed false positive rate. For simplicity, we focus on the MDPs and Q update rules in a finite
setting. Because we allow hyperboxes of minimum size d > 0, a continuous space is implicitly discretized, with every

sample from a continuous space included within a box of size d or larger.

Proposition A.1. The maximum misclassification error of a concrete state s € S incorrectly mapped into an alternate
abstract state s, € S, with the set-cover solution set C = {U;-;C;} can eventually be reduced below an arbitrary bound

0 < @ < 1 with a probability of at least 1 — § (0 < § < 1) throughout the exploration.

Proposition A.1 relies on a PAC learnability argument. During the online exploration, every reachable concrete state
will eventually be reached with probability 1 during online exploration, in particular, every reachable unsafe state will
eventually be reached. This follows from the fact that the online exploration of the environment is never strictly limited
by the use of counterexample guidance. Rather, offline phases aim at reducing the relative Q-value of actions that
may eventually lead to the violation of the safety requirement, thus reducing the likelihood of their selection during
online learning. Because the agent is always allowed, with a controllable probability, to explore any action from the
current state, every reachable state maintains a strictly positive probability of being reached. Therefore, according to
our incremental abstraction strategy with the preservation of the safety invariant, which ensures unsafe concrete states
are always mapped to unsafe abstract states: Every reachable unsafe state will eventually be mapped to an unsafe abstract

state.

Proor. We use egr, > 0 to denote the lower bound of the values that eg; can take during exploration. Then, given
€or and the concrete MDP’s transition relation, the probability of visiting any (reachable) concrete state is bounded
from below by a value por.

Recalling Theorem 2.11in [6], if the solution set C of the minimal red-blue set cover problem has a finite Vap-
nik-Chervonenkis (VC) dimension, and if C is consistent with a uniform sample size max(% log %, % log 1173), then
the prediction error of C can be limited to u € (0, 1], with a probability of at least 1 — 8. The expressiveness and also VC
dimension of the solution set C is decided by the abstraction domain. For the set coverage learning concept we defined
in sec. 3.1, the general VC dimension of a single abstract predicate of the form C; = {x|wx + b < 0} is finite. The actual
VC dimension of a specific abstract domain and scenario can be easily verified, e.g. the VC dimension of an axis-parallel
box is v = 4.

According to Lemma 3.2.3 in [6], the VC dimension of a union set C of convex polygons C; is less than 2vs log(3s), for
all s > 1, where s is the number of sets in C. Hence, the required sample size to limit the abstraction error u < @ for
% log 12

the set cover solution C is max(% log %, ). By underapproximating the number of samples considering
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conservatively that each concrete state has probability po; of being sampled, we can conclude that an abstraction with

misclassification error less than a prescribed # can eventually be learned with arbitrary probability 1 — §. O

Caveats and practical limitations. Considering our abstract domain uses boxes (with sides parallel to the axes of the
state space domain), it is likely to misclassify safe regions where their boundaries cannot be covered exactly with a
union of boxes. In general, a similar argument can be formulated for any finite-accuracy abstract domain. The corner
case of using this abstraction is that small safe regions located between two unsafe ones placed at a distance, along any
dimension, smaller than the minimum size of a box d may remain misclassified even if the agent happens to sample a
concrete point that could discriminate them. In turn, if the optimal policy requires passing through one such small
misclassified region, counterexample guidance could reduce the likelihood of the agent exploring it — but never entirely
prevent its exploration. In practice, the problem can be mitigated by choosing a smaller value of d, or using an abstract

domain with a more appropriate performance/accuracy trade-off for the problem at hand, e.g., octagons or polyhedra.

A.1.2  Convergence of Counterexample-Guided Learning.

Proposition 3.1. If there exist maximal-reward policies that satisfy the safety requirement, then the counterexample-

guided learning algorithm will eventually converge to one of them.

The core idea of Alg. 1 is to discourage the re-exploration of state-action pairs that lead to violation of the safety
requirement by penalizing corresponding Q-values. The penalization of explored unsafe behaviors has the effect of
encouraging the exploration of alternative actions in a state because their Q-values “grow” relatively to the Q-values of
the penalized actions and are thus more likely to be selected next. An underlying assumption for the stability of the
method is that there exists an optimal policy that satisfies the safety requirement. In the following, we will discuss how
introducing offline learning does not prevent convergence to such a policy (in fact, as demonstrated experimentally, it
accelerates the convergence to it), including sufficient conditions for such convergence to occur. Finally, we will discuss
what may happen if all optimal policies violate the safety requirement.

The online learning phases are bound to eventually converge to an optimal policy as long as each state-action pair
can be visited infinitely often. The offline phases can decrease the relative likelihood of actions involved with policies
leading to a violation of the safety requirement but never prevent their exploration altogether. As a result, when the
online phases converge to an optimal policy that satisfies the safety requirement, and assuming the abstract model
converges as well, no further offline phases will be triggered (except for possible occasional false positive triggers from
the Bayesian hypothesis test). This happened in all our experiments, where occasional offline phases triggered after the
agent converged to mainly explore policies that satisfy the safety requirement could introduce transient fluctuations in

the cumulative reward but do not affect convergence to maximum reward in the long run.

A.1.3  Regularized Learning under Conflicting Objectives. If there exists no maximal-reward policy satisfying the safety
requirement, the introduction of offline learning may result in oscillations in the Q-values of actions involved in the
maximal-reward policy discovered by the agent. Such oscillations arise from the fact that the maximal-reward policy
the online phase converged to is itself, by hypothesis, a counterexample to the safety requirement. In this situation,
Alg. 1 may still reduce the number of failures during exploration by reducing the frequency of visiting unsafe states,
but it will not prevent the agent from converging to such unsafe but maximal-reward policy in the long run. To address
this limitation, we proposed in sec. 3.5 a regularized Bellman operator to the Q-update rule that privileges safety over
reward, such that the regularized Q-value serves as a lower bound of the original Q-values, with the following theorems.
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Absence of a safe policy. The theoretical discussion of TQ in section 3.5 is based on three assumptions, including that
there exists at least one policy satisfying the safety requirement. However, if assumptions 2 and/or 3 do not hold - i.e.
there exists no safe policy and/or the learning rate decays too quickly — offline phases may be triggered indefinitely. In
the worst case, the agent can oscillate between successive unsafe policies, each time incurring an additional penalty. In
this case, we further discuss Theorem A.1, which still provides a sufficient condition for stability guarantee according
to the value of p. Intuitively, a small p limits the per-iteration penalty so that updates remain a contraction even while
Qcex keeps changing. If p is larger, stability is still possible in practice provided the learning-rate schedule decays slowly

enough to absorb the incremental penalties, i.e., the bound in the following theorem is conservative.

Theorem A.1 (Contraction property of the regularized Bellman operator). The regularized Bellman operator T satisfies

the contraction property under the max-norm. That is, for any pair of Q-functions Q and Q’,

ITQ = TQ lleo < ClIQ = Q'[lew,

where the constant C = by + 3p rpay with a discount factor y € (0, 1), an upper bound on the reward rp,y, and the risk
lr_y such that C < 1.

3rmax

factor p). In particular, T is a contraction if p <
Proor. To demonstrate that T is a contraction mapping, we first expand the terms in the modified Bellman updates:
TQ(s,a) =r(s,a) +ymax Q(s',a’) ~ Lreg(s, a)
=r(s.a) +ymaxQ(s',a’) = (1-b(s,4,Q)) [Q — Qeex(s, @)]

Consider the absolute difference in the modified Bellman operator for any arbitrary Q-functions Q and Q’ with

max-norm:

ITQ = TQ'lles = max r(s, @) +y max Q(s',a') = (1= b(s, &, Q))(Q = Qeex(5,))
~r(s,0) ~ ymax Q'(s",@) + (1= b(5,0,0))(Q" ~ Qeex(s, )|
= max [b(s, 0)(Q ~ Qeex(5:@)) = b(5,4,0")(Q" = Qeex (5. @)
= nsliix 1b(5, Q)(r(s. @) + y max Q(s', @) = Qeex(5.0)) = b(5, @, Q) (r(s,0) + y max Q'(s",a') = Qeex(s,0))]

=max |(b(s,a, Q) — b(s,a,Q"))Qcex (s, a) + b(s,a, Q) (r(s,a) + y max Q(s’,a")) = b(s,a,Q")(r(s,a) + y max Q' (s’,a"))|

The belief variable is defined as b(s, a, Q) = exp(—p [Q(s, a) — Qcex (s, a)]+), where the function [x] is 1-Lipschitz and
the exponential function exp(—px) is smooth, with its derivative bounded by p on any bounded domain |exp(—px) -
exp(—py)| < plx — y| for x,y in the range of [Q(s,a) — Qcex(s, a)]+. Therefore, by composing these two Lipschitz

continuous functions, we deduce that

l1b(s,a,Q) = b(s,a, Q") leo < Ly [|Q = Q'llco

with the Lipschitz constant L essentially upper bounded by p.

The Lipschitz constant L, quantifies how sensitive the belief variable b(s, a, Q) is to changes in the Q-function; that is,
it bounds the maximum rate at which b can change as Q changes.

Then, assume that ||b — b’|| = ¢ and that ¢ < b when Q ~ Q’. We rearrange terms and apply the triangle inequality

(noting that the Q-value is always less than the maximum reward when y < 1 in episodic tasks with terminal rewards).
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ITQ = TQ lleo = max |e(Qcex(s, @) +r(s,a) + ymax Q'(s",a")) + b(s,a, Q)y(max Q(s",a’) — max Q’(s’,a"))|
s,a a’ a’ a
< max |3ermax + b(s, a, Q)y(max Q(s',a’) - max Q' (s',a"))|
< 3€rmax + b(S, a, Q)Y”Q - Q/”DO

Dividing both sides by ||Q — Q|| yields

ITQ - TQ' || < 3€rmax
’ - Y+ ’ 2
10 - Qlle 10 - Q' lle

so that T is a contraction if C = by + W < 1. Therefore, the contraction condition can be satisfied if

Y +3p max < 1, since b < 1 and L, < p; alternatively, we have p < % meaning that this contraction would hold

under certain trade-offs between the sensitivity p and the reward bound rp,x in the environmental setting. O

Proposition A.2 (Asymptotic Penalization of Unsafe Actions). If the risk factor p > 0 and the learning rate a; decays
slowly enough, the regularized Bellman operator T progressively reduces the Q-values of unsafe actions (s, a) for which
Q(s,a) > Qcex(s, a). When p is large, these Q-values are consistently penalized and kept close to or below Qcex (s, @),

steering the policy away from unsafe behaviors.

This proposition characterizes how large risk factor p amplifies regularization effects during learning. For state-action
pairs with Q(s,a) > Qcex(s, a), the belief variable b(s,a, Q) = exp(—p[Q(s,a) — Qcex(s, a)]+) tends toward zero as
p — oo, which causes the regularization term Lyeg (s, a) = (1—b) [Q(s, a) — Qcex (s, @)] to approach the full gap Q — Qcex-
p does not directly determine the fixed point of the Q-function, rather, it governs the intensity of penalization. The
final Q-values depend on the balance between the penalty magnitude induced by p and the ability to update over time
induced by the learning rate a,: if the learning rate a, decays too fast, the agent may stop adapting before unsafe actions
are sufficiently penalized; if a; remains large enough over time, repeated updates drive Q-values of unsafe actions
downward.

This effect complements the contraction condition in Theorem A.1, which provides a sufficient (but not necessary)
condition for convergence. We note however, that the sufficient condition in Theorem A.1 is conservative, while, in
practice, convergence can be achieved also for pairs of (p, y) that do not satisfy these conditions, as we will demonstrate
with an example in the following discussion on the interaction between p and y.

Effect of p on reward—safety trade-offs. We study the policies synthesized by our method in FlagMaze under the
specification P, [F unsafe], where maximizing reward (collecting more flags) and maintaining safety (avoiding
cameras) are inherently conflicting. In Fig. 7, we compare the final greedy policies obtained by classical QL and QL-CEX
under a sweep of the risk parameter p (cross markers) against a set of Pareto-front reference policies for FlagMaze
reported in prior model-based, verified work [48] (solid line). In particular, ARL [48] constructs an abstract MDP
under known dynamics and uses quantitative verification to synthesize policies satisfying the PCTL constraint while
optimizing reward, which yields the reported Pareto-front trade-off. We follow the hyperparameter template used
in [17, 48] (@ = 0.1, g = 0.8, y = 0.99) and use a decaying learning-rate schedule.

As p increases, QL-CEX exhibits a shift from reward-seeking behavior toward more conservative, safety-seeking policies:
small values of p (e.g., p = 0.2,0.8) yield reward levels comparable to classical QL but with lower safety, whereas larger

values (e.g., p = 3,5) concentrate near the safety-dominant end of the reference frontier. Mid-range p values (e.g.,
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Fig. 7. Comparison of average safety rates and rewards of synthesized policies of QL, QL-CEX (our method), and Pareto-front policies.

p = 1) interpolate between these regimes, producing policies with more balanced reward-safety trade-offs. Overall,
the observed monotone shift with increasing p traces the same reward-safety trade-off captured by the model-based
verified Pareto frontier, indicating that our model-free method can be steered toward operating points that are consistent

with ARL’s verified reference behavior in practice.

Conservative Q-values and Policy Gradient Methods. We report here an additional discussion of how the conservative
Q-value estimates derived from the counterexample-guided Bellman operator T affect policy updates in policy gradient
methods. The policy in policy gradient methods can be updated using the advantage function A(s,a) = Q(s,a) — V(s).

The policy update step is governed by the maximization of the clipped surrogate objective:

L(0) = Esqmmyy [min (r(@)A(s, a),clip(r(0),1-€,1+¢€)A(s, a))], (13)
where the probability ratio is r(0) = If‘lgd(fa“ss)) and € is the clipping threshold that defines the trust region.

We now substitute the conservative Q-value estimate Q7 (s, a) under the counterexample-guided Bellman operator
into the advantage function A7 (s, a) = Qr (s, a) — V(s). By Theorem 3.1, along any unsafe trajectory 7, the regularized
estimate satisfies Qr(s,a) < Qp(s, a), where Qg is the Q-value under the standard Bellman operator. This directly
implies Ar (s, a) < Ag(s, a), meaning the advantage for actions leading to unsafe states is downweighted.

The conservative A7 (s, a) further affects the surrogate loss, leading to a pessimistic update for unsafe actions even
if they yield high immediate rewards. Due to the KL-divergence constraint Dxy (7014 || 79) < 8, the policy update
step also remains close to the previous policy. This overall process steers the policy 7y by iteratively maximizing L(6)
using Ar (s, a), ensuring convergence to a solution within the safe region defined by the conservative Q-values. This
reasoning aligns with the convergence guarantees for policy gradient methods when using advantage estimates derived
from Q-functions that satisfy contraction properties.
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Fig. 8. Incremental abstraction demonstration in Frozenlake8x8

A.2 Hyperparameter Effects on Abstraction and Learning Performance

In this section, we provide supplemental details about the abstraction evaluation, and the sensitivity of hyperparam-
eters in the quality of abstraction and the learning outcomes. We first provide sets of additional hyperparameters
in the QL, DON, PPO, and our method to ease reproducibility. Then, we illustrate the incremental abstraction with
concrete examples to demonstrate the incremental process and its influence and robustness on reinforcement learning
systems with different hyperparameters. Next, we analyze the robustness of our learning performance with respect to

hyperparameter tuning.

Additional Hyperparameters We implement our methods with the same values for all fundamental hyper-parameters
against these benchmarks, all common hyper-parameters used with QL, DQN, PPO, and our method are the same as
listed in Tab. 3 and 4. Additional hyper-parameters for QL-LCRL can refer to the values detailed in [31] and additional
hyper-parameters of DQN and PPO can refer to the default values given in [51]. Then, we further assessed the robustness
of our proposed method in terms of hyperparameter tuning related to our main algorithm, focusing on two main
aspects: the quality of the resulting abstraction model and the learning performance, measured by accumulated safety

rates and average rewards.

Table 3. Hyperparameters in QL for DiscreteGrid, FrozenLake8x8, and FlagMaze

Environment f Nim Niter Neex € €decay
DiscreteGrid 1 50 5000 20 0.3 0.9995
FrozenLake8x8 1 100 199 50 0.1 0.9995
FlagMaze 1 100 20000 50 0.9 0.99999

Table 4. Hyperparameters in DQN and PPO for HybridGrid and MarsRover

Environment Common Parameters DOQN Parameters PPO Parameters

B Nsim Niter max-grad-norm batch-size target-update learning-starts %-exp gradient-steps train-freq n-steps clip-range-vf n-epochs
HybridGrid 1 50 5000 1 128 1000 10000 0.2 128 100 1000 0.1 5
MarsRover 1 50 3000 0.1 128 1000 5000 0.2 128 100 500 0.1 5
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(a) Initial M, (b) Refined M,
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Fig. 9. Incremental abstraction Demonstration in MarsRover
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Fig. 10. Abstraction of FrozenLake8x8 with different fpr and e

Hyperparameter Effects on Incremental Geometric Abstraction. When new unsafe states are discovered during online
exploration, which was previously abstracted as safe, the abstract state space is updated incrementally using a branch-
and-bound strategy to separate the new unsafe point. We demonstrate this process in the Frozenlake8x8 environment
and the MarsRover environment in Fig. 8 and Fig. 9. The initial abstract MDP, used for counterexample generation,

after the first 50 online episodes are shown in Fig. 8(a) and 9(a). With the increasing number of explored points, more
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Fig. 11. Abstraction of MarsRover with different fpr and €

safety-relevant information can be acquired, and we employ the branch and bound method incrementally to cover the
newly discovered unsafe states and refine the safe states adjacent to the newly discovered unsafe regions, as shown in
Fig. 8(b) and 9(b). The ground-truth layout is included in Fig. 8(c) and Fig. 8(c) for reference, where H and the dark-red
regions indicate unsafe regions.

To evaluate simulation model quality, we present results using varying false positive rates f and e for e-bisimulation
merging in both Frozenlake8x8 in Fig. 10 and MarsRover environments in Fig. 11. A lower FPR results in a more precise
abstraction, which includes fewer safe concrete states from the unsafe abstract states (in environments like MarsRover,
safe concrete states cannot be completely excluded with boxes).

Smaller e values lead to less merging of similar states in the abstract state space. We recall the hierarchical e-simulation
concept, demonstrating that its inherent structure provides a beneficial trade-off between computational complexity
and accuracy in proximity to unsafe states. Because the merge operation is constrained to states with identical labels
and follows a hierarchical fashion (i.e., states from lower levels merge into higher ones, with transition probabilities at
the higher level normalized by the sum from merged lower-level states), a lesser degree of merge due to e-simulation is
anticipated in the vicinity of unsafe states.

This hierarchical process indirectly optimizes the resolution in the state space where it is most crucial, specifically near
unsafe states, while permitting a coarser merge in safer regions. Such non-uniform merging fosters a more efficient
balance between the computational complexity of the counterexample generation optimization problem, which depends
on the number of states in the abstraction, and the effectiveness of the counterexamples in accurately selecting concrete
transitions from the agent’s past experience near unsafe concrete regions.
Intuitively, given a specific ¢, the final minimized abstraction is expected to be more precise near states labeled as
unsafe due to the merge operation’s restriction to adjacent abstract states. In these areas, a limited number of steps
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and corresponding traversal of adjacent states suffices to differentiate the trajectory outcome under consideration. In
contrast, a coarser abstraction is produced when more steps are required to determine the trajectory’s outcome. This
characteristic of the hierarchical e simulation provides a tailored abstraction mechanism that varies with the safety of

the region, enhancing the effectiveness of the abstract model.

Table 5. Robustness of Cex-Guided RL with different penalties and simulation episodes in slippery FrozenLake8x8

Penalty / Ngim 20 50 100
safe.prob reward safe.prob reward safe.prob reward
-0.1 0.43 0.59 0.46 0.59 0.44 0.6
-0.5 0.43 0.61 0.43 0.62 0.45 0.6
-1 0.45 0.6 0.44 0.61 0.46 0.62

Table 6. Robustness of Cex-Guided RL with different Bayes factors and safety-check frequencies in slippery FrozenLake8x8

B/ Nyagety-check 500 1000 2000
safe.prob reward safeprob reward safe.prob reward
1 0.44 0.57 0.45 0.6 0.44 0.62
2 0.41 0.55 0.42 0.55 0.4 0.54
10 0.39 0.55 0.38 0.57 0.39 0.52

Regarding learning performance, we demonstrate the average accumulated safety rate and the average rolling reward

are robust under different hyperparameters, by varying the penalty and number of offline episodes for each simulation
model during the offline learning phase Tab. 5, and varying the Bayes factor and safety check interval during the online
exploration in Tab. 6.
To estimate the probability of safety requirement violation and trigger offline learning when necessary, we utilize the
Bayesian hypothesis testing estimator [19] with the Bayes factor as a hyperparameter. This estimator can be initialized
with a minimum number of samples prior to accepting its decision and then determines whether the safety requirements
are satisfied or violated based on the number of samples collected during the most recent online learning session. If the
likelihood of violating the safety requirement significantly surpasses that of satisfying it, the offline learning phase is
subsequently initiated.

Within the online learning session, we assess the Bayes factor of these two hypotheses, represented as IIEEZ?E; , using

the real-time experience dataset. The magnitude of the given Bayes factor decides the frequency of triggering offline
learning. This frequency setting engenders a trade-off between safety and computational cost: higher frequency leads to
increased computational cost. A high-frequency setting may also induce over-conservative learning performance. This
happens when excessive offline learning guidance inadvertently penalizes the learning process that entails a reasonable
level of risk. In corner cases with very small Bayes factors, the agent may opt to explore solely safe regions, failing to

achieve the learning objective.
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